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Abstract The present paper contains an interpretation and gener- 
alization of Novikov's theory for Morse type inequalities for closed 
1-forms in terms of concepts from Conley's theory for dynamical 
systems. We introduce the concept of a flow carrying a cocycle 
a, (generalized) a-flow for short, where a is a cocycle in bounded 
Alexander- Spanier cohomology theory. Gradient-like flows can then 
be characterized as flows carrying a trivial cocycle. We also define 
a-Morse-Smale flows that allow the existence of "cycles" in contrast 
to the usual Morse-Smale flows, a-flows without fixed points carry 
not only a cocycle, but a cohomology class, in the sense of [8], and 
we shall deduce a vanishing theorem for generalized Novikov num- 
bers in that situation. By passing to a suitable cover of the under- 
lying compact polyhedron adapted to the cocycle a, we construct 
a so-called 7r-Morse decomposition for an a-flow. On this basis, we 
can use the Conley index to derive generalized Novikov-Morse in- 
equalities, extending those of M. Farber [13]. In particular, these 
inequalities include both the classical Morse type inequalities (cor- 
responding to the case when a is a coboundary) as well as the 
Novikov type inequalities ( when a is a nontrivial cocycle). 



1 Introduction 

Let X be an m-dimensional compact manifold and let / be a Morse func- 
tion on X. Define S(f) to be the union of the sets Si(f) which contain the 
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critical points of / with index i. Define 



<k ■■= m(f) 

bi := dim Hi(X,R) 
Then the classical Morse inequalities are 

a >k 

j=0 j=0 

for i = 0, 1 • • • , m. The Morse inequalities provide an important connection 
between the analytic information and the topological information of X (see [17]). 
The method to obtain this result is to consider the change of the homotopy type 
of the level set 

X a = {xe X\f(x) < a} 

when a crosses the critical value. If c is a critical value, then there is the homotopy 
decomposition 

X a + e „ X a-e Up , e/ -i (c)nS(/) e( Pj ) 

where e(pj) is a j-cell corresponding to the critical point pj of index j. Hence, X 
has a CW-decomposition 

x = U Pj eS(f)e(pj) 

However, this decomposition only provides information about the dimension 
of the basis. It is not clear how each cell is attached. The successive work by R. 
Thorn, S. Smale and J. W. Milnor in the 50's and 60's lead to the construction 
of the Morse complex which includes also the boundary operators. 

Let us describe the Morse complex simply. Consider the negative gradient 
flow v of /: 

v(t) = -Vf(v(t)). 

Then for each critical point p G S(f), there are the stable and unstable manifolds 

W u (p) = {x e X\ x ■ t -> p, as t -> -oo} 
W s (p) = {x G X\ x ■ t — > p, as t — > oo} 

R. Thorn gave a disjoint decomposition of X by unstable manifolds 

X = U p z S{f) W u (p) 

In [26], S. Smale obtained an important result for the gradient flow on a compact 
manifold. The result is that generically W u (q) intersects transversally with W s (p) 
for each point pair (p,q) G S(f) x S(f). Therefore we can choose a generic 
Riemannian metric such that for each critical point pair (q, p) G Si x Sj_i, W u (q)n 
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W s (p) is 1-dimensional and is transversal to any level set / _1 (a) between them. 
This condition for the flow is called the Morse- Smale condition. 

Since / _1 (a) is compact, W u (q) n W s (p) fl / _1 (a) is a finite set. Assign 
arbitrary orientations to the unstable manifolds of all the critical points. Now we 
can assign a number 5(7) to each trajectory 7 G W u (q) fl VT s (p) which takes its 
value in {±1}. Let x G 7fl/~ 1 (a). Fix the direction i(t), then W x (q), W x {p) and 
T X X will give the induced orientation to T x {f~\a) H W u (g)), T x (/ _1 (a) n W a (p)) 
and T x (f-\a)). If the orientation of (T,(/- 1 (a)nr(g)),r i (/- 1 (a)nr(p))) is 
the same as the one of T x (f~ 1 (a)), then we let £(7) = 1, otherwise, let £(7) = — 1. 

Define the incidence coefficient n(q,p) to be 



Now we can define the boundary operator <9j : <%(/) — > S'j_i(/) as follows. For 
each critical point g G Si(f), 



It can be proved that <9j_i<9j = 0. Therefore (Si(f),di) becomes a complex. This 
is the Morse complex. The important thing is that the homology groups of the 
Morse complex are isomorphic to the standard homology groups of the underlying 
compact manifold. The reader can consult [24] for more information about the 
Morse homology theory. 

In fact, the Morse complex was first used in [30] to prove the Morse inequalities 
(1.1). The Witten deformation technique used there provides an analytic way to 
prove the Morse type inequalities (see [4], [3], etc.), even the Novikov inequalities 
introduced below (see [6]). 

Let us also remark that Morse theory has been generalized to the infinite 
dimensional case. In that situation, one needs to impose a compactness condition 
on the funtional, the so-called Palais-Smale condition. See e. g. the books by K. 
C. Chang [7] and M. Struwe [29]. 

In the 80 's, S. P. Novikov considered in [18] and [19] Morse type inequalities 
which are used to count the zeros of a closed Morse 1-form uj on X. By the 
Poincare lemma, a closed 1-form is locally exact. For instance, we can assume 
that uj = df p near a zero point p of u. So closed Morse 1-form means that 
each zero point p of uj is a non-degenerate critical point of f p and has a Morse 
index from f p . These inequalities are similar to (1.1) formally. The difference is 
that the ordinary Betti number foj at the right hand side of (1.1) is replaced by 
the Novikov number &i([a>]) which is determined by X and the cohomology class 
[uj] . These Morse type inequalities involving Novikov numbers are called Novikov 
inequalities. 

Novikov inequalities are obtained by constructing the Novikov complex (C*, d) 



n(q,p) 



yew u (q)nw a (p) 




peSi_i(/) 



3 



with respect to the closed Morse 1-form uo. We can give a simple description of the 
Novikov complex for rank lo — 1. In this case, uo can be lifted to the covering space 
X with the deck transformation group being the infinite cyclic group Z = (t) 
such that the pull-back form by the projection map is an exact form df where 
/ is a Morse function on X. Introduce the Novikov ring Z((t)) := Z[[t]][t -1 ]. 
Now the module Cj is defined as the free Z((t))-module generated by Si(u), i.e., 
the set of all the zeros of uo with index %. As for the Morse complex, we can 
consider the flow generated by the dual vector field of uo satisfying the Morse- 
Smale condition and choose an orientation for each unstable manifold for each 
zero in S(uo). Consequently, we are able to define the boundary operator of the 
Novikov complex. Let (q,p) G Si(iv) x Si-i(u) and choose any lifting points q 
and p. Let T k (q,p) be the finite set of all the trajectories joining q and p ■ t k . 
Define 

n(q,p) = ^2n k (q,p) ■ t k 

k 

Note that n(q,p) G Z((£)). n(q,p) is called the Novikov incidence coefficient. 
Finally we can define the boundary operator di : Si(u) — > Si-i(u) to be 

d M) = n(q,p)p 

There are some discussions about the properties of the Novikov incidence coeffi- 
cients, for instance, the rationality and the growth properties ofnk(q,p) (see [21], 
[22] and the references there). 

The above construction of the Novikov complex stems from the analysis of 
the gradient flow generated by / in the noncompact manifold X. However, we 
can define the Novikov complex by triangulating the underlying manifold X and 
then studying the action of the boundary operators in the Z-CW complex in the 
covering space X. In more detail, we can let C*(X) be the simplicial complex of 
X. After lifting this triangulation to the covering space, we get C*(X) which can 
be viewed as a free Z-module chain complex. Tensor C*X with the Novikov ring 
Z((t)), to get a complex Z((t)) Cg^t,*- 1 ] because the boundary operator 

in C*{X) can be viewed as a matrix operator with each entry being a Laurent 
polynomial. This is also called the Novikov complex. It was proved in [23] that 
there is a closed Morse 1-form uj such that the second kind Novikov complex 
can be realized by the first Novikov complex given by uo. The construction of 
the Novikov complex with respect to a Morse closed 1-form implies the Novikov 
inequalities. 

Since the Novikov ring is a principle ideal domain (see [16]), hence the ho- 
mology module of the Novikov complex can be decomposed into two parts, the 
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free module part and the torsion part. The Novikov numbers are refered to be 
the ranks of the homology modules, and the number of the minimal generators 
of the torsion part. 

The Novikov numbers can also be obtained from another chain complex with 
coefficient ring different from the Novikov ring. One way is to consider the ring 
of rational functions: 1Z :— (1 + £Z[£]) _1 Z[t, In [11], M. Farber has proved 
that the homology of 1Z ^zft,*- 1 ] C*(X) is isomorphic to if*((C*, <9)). We will use 
this kind of definition of the Novikov numbers in this paper. 

Recently, M. Farber ([14]) has used a noncommutative localization method 
to construct a universal complex, which can induce many kinds of Novikov com- 
plexes. 

The Morse complex provides a way to construct the underlying manifold by 
attaching handles, and we know not only how many and which kinds of handles 
should be attached but also how to attach handles. Actually, we can get more 
refined Morse inequalities than (1.1) that contain the information from the tor- 
sion part of the homology group which is determined by the boundary operators. 
The construction of the Morse complex is based on the analysis of the gradient 
flow of the Morse function. From the point of view of dynamical systems, the 
information contained in the right hand side of (1.1) is nothing but the local 
information (Morse index) of the fixed points of the gradient flow of the Morse 
function /. Fixed points are only special invariant sets in a dynamical system. If 
we are given an arbitrary flow in a compact manifold and its invariant sets, can 
we get Morse-type inequalities that contain the local information of the invariant 
sets at the right hand side and the topological information of the underlying man- 
ifold at the left hand side? Of course, since a general flow is very complicated, 
it is very difficult to do so. However, C. C. Conley successfully generalized the 
concepts of nondegenerate critical points and the corresponding Morse index to 
the isolated invariant sets and the Conley index (see [9]). The isolated invariant 
sets contain many interesting invariant sets, e.g., the Bott type nondegenerate 
critical manifolds of the gradient flow of a smooth functions (see [4] [5]), and the 
hyperbolic periodic orbits, or more general the hyperbolic sets. The Conley index 
characterizes the "local" topological information of the isolated invariant sets. C. 
C. Conley and E. Zehnder also obtained a generalization of (1.1) (see [10]). They 
consider the flow restricted to an isolated invariant set S and assume that S has a 
Morse decomposition {M n , • • • , M-i}. It can be proved that each Morse set Mj is 
isolated and hence has a Conley index. Now the Morse type inequalities provide 
a connection between the Conley index of Mj and the Conley index of S. 

However, in order to prove the Morse type inequalities, the flow must have 
a "global" gradient-like structure with respect to all the invariant sets in X. 
"Global" here means that if we collapse all the invariant sets into points, then 
the quotient flow is gradient-like. Only with a "global" gradient-like flow , we 
can get the Morse decomposition. 

Now we return to the Novikov inequalities. We can construct a closed Morse 
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1-form such that its flow has no attractor and no repeller (see [19]). Therefore the 
flow generated by this 1-form is not a gradient-like flow in X though its lifting 
flow on X is. Therefore, it is not possible to give a Morse decomposition for the 
whole manifold X. 

After an introduction to the Morse theory for a gradient-like flow and the 
Novikov theory for a Morse closed 1-form, we reach the goal in the present paper. 
In this paper, we will introduce the concept, "flow carrying a cocycle a (a-flow 
and generalized a-flow)", where a is a 1-dimensional cocycle in the bounded 
Alexander-Spanier cohomology which will be defined in section 3.1. When a is 
a coboundary, then this flow is a gradient-like flow. Conversely, if a flow is a 
gradient-like flow ,then this flow carries a coboundary 5g where g is a Lyapunov 
function. Moreover, in theorems 3.4.2 and 3.4.3, we give a sufficient and neces- 
sary conditon for a flow to be a non gradient-flow if a is a nontrivial cocycle. The 
notion of a-flow contains many interesting flows. The gradient flow of a Morse 
function / is a df-flow. The flow generated by a closed 1-form u is an cj-Aow 
and the pertubation flows are also a;- flows. If an a-flow has no fixed point, then 
this flow is a flow "carrying a cohomology class" which is introduced in [8]. A 
generalized a-flow has a "global" a-flow structure with respect to the 7r-stable 
nonwandering sets. The 7r-stable nonwandering sets are those sets that when 
lifted to the covering space related to a, are also bounded sets. An example of 
a generalized a-flow is the a-Morse-Smale flow. In the definition of the Morse- 
Smale flow, one requires that such a flow has no "cycles" connecting the different 
hyperbolic fixed points or hyperbolic periodic orbits. The a-Morse-Smale flow is 
a Morse-Smale flow when lifted to the covering space with respect to the cocyle 
a. However, in the underlying manifold, it is possible that there exist "cycles" 
connecting different nonwandering sets or there exist (W(s), T)-chain cycles for 
arbitrary small e > connecting different nonwandering sets. The existence of 
such "cycles" or such chain cycles makes the flow a nongradient-like flow by the- 
orem 3.4.2. 

A flow carrying a cocycle has a it- Morse decomposition (Theorem 3.5.2). 
Hence there are the Novikov- Morse type inequalities, Theorem 4.5.1, if TM n = 
J\f n . This theorem uses the Conley index to get the "local" topological informa- 
tion of the isolated invariant sets. 

The inequalities (4.5.1) are a generalization of the Novikov inequalities for 
a closed Morse 1-form. Starting from these inequalities, we can recover many 
Novikov type inequalities found before. For example, we can consider the cu-flow 
generated by a smooth 1-form u having Bott type nondegenerate zero sets, then 
(4.5.1) induces (4.6.2), which was essentially given in [13]. If we consider an 
a-Morse Smale flow, then we have Theorem 4.6.6 which provides new Novikov 
inequalities. Also, the existence of a flow carrying a cohomology class a implies 
the vanishing of the Novikov numbers 6j([u;]). In addition, if we consider the triv- 
ial cocycle a, then Theorem 4.5.1 provides the Morse type inequalities, because 
all the representations involving a are trivial. 
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Since the isolated invariant sets are more complicated than a hyperbolic fixed 
point, hence it is not clear what the connecting orbits in the 7r-Morse decompo- 
sition are. The appendix gives another proof of the classical Novikov inequalities 
starting from the equality (4.5.1). These Novikov inequalities also contain the in- 
formation about the torsion parts of the homology groups of the Novikov complex. 
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2 Basic results about flows 

2.1 Basic concepts and structures of flows 

Let X be a topological space. The continuous function from X x R — > X 
given by (x,t) — > x • t is called a flow on X if for all x G X, and s,t G M it 
satisfies (1) x ■ = x and (2) (x ■ s) ■ t = x ■ (s + t). For Y C X and R' C R, let 
Y ■ R' denote the set of points x ■ t such that y EY and t G W. 

A subset / C X is called invariant if / • M. — I. If N C X is a subset, we 
denote by I(N) the invariant set in N : I(N) = {x G N\x ■ R C N}. Clearly, 
I{N) is invariant and it is closed if N is closed. 

For Y C X, the uj— limit set oj(Y) of Y is defined to be the maximal invariant 
set in the closure of Y • [0, oo]. If Y ■ [0, oo] denotes the closure in X, then 
oj{Y) = I(Y ■ [0, oo]). Similarly, the u;*— limit set uj*(Y) of Y is defined to be the 
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maximal invariant set in the closure of Y ■ [0, — oo]. 
The oo— limit set oj{Y) has some properties: 

A. uj(Y) is a closed set. 

B. u{Y) = n{Y ■ [t,oo)\t > 0}. 

C. Let S be a closed compact Hausdorff invariant set in X. If Y C S, then oj(Y) 
is a nonempty compact invariant set in S and is connected if Y is. 

oo* (Y) has analogous properties, since uj*(Y) is the cj-limit set of the inverse 
flow. The above conclusions can be easily obtained from the definition of the 
w-limit set. 

Let S be an invariant set in X. The nonwandering set N U (S) consists of 
the points x in S with the property that if U is a neighborhood of x in S, 
then x G w(U). The nonwandering set is invariant and closed in S. Since the 
definition of N^S) depends on the invariant set S, it is not generally true that 
N U (S) = N U (N U (S)). For x G S,u(x) C N U (S). 
Attractor-repeller pairs 

Let S be a compact Hausdorff invariant set in X. A subset A C S is called 
an attractor (relative to S) if there is a neighborhood U of A in S such that 
u)(U) = A. Similarly a set which is the a;*-limit set of one of its neighborhoods 
is called a repeller. Let A be an attractor in S, and let A* := {x G S\cu(x) £ A}. 
Then A* is a repeller in S which is called the complementary repeller in S. (A, A*) 
is called an attractor-repeller pair in S. C(A, A*) = S\A U A* is called the set of 
connecting orbits to the pair, since the point x G C(A, A*) if and only if uj{x) G A 
and uo*(x) G A*. 

There are two criteria to judge if a set is an attractor. 

(1) Suppose U C S and, for some t > 0, (U) ■ t C intC/. Then u{U) is an 
attractor contained in the interior of U . 

(2) Let U be a compact set in S. If all its boundary points leave S in backward 
time, then the maximal invariant set in U is an attractor. 

If (A, A*) is an attractor-repeller pair in S and S' is an invariant subset in S, 
then (A fl S", A* PI S") is an attractor-repeller pair in S'. 
Chain recurrent set 

Let U be a cover of 5 and let x, x' G S, A (ZY, t)-chain from x to x' is a 
sequence {x = Xi, ••• , x n+ i = x'\ti, ■ ■ ■ ,t n } such that ti > t and each pair 
(xj • ti, Xi + i)(i — 1, • • • , n) belongs to the same open set in U. 

Let Q(S) C S x S be the set of pairs (x, x') where for any covering U and any 
t > there is a (W, t)-chain from x to x'. 

For Y C S, define 

: ={x'|there is x G Fs.t.(x,x') G Q(S')} 
: ={x'|there is x G Fs.t.(x',x) G Q(S')} 

(5(5*) is a closed, transitive relation on S, and if (x, x') G Q(S), then (x ■ I,x' ■ 
I) G Q(S), where / is any interval in the real line. For example, we prove the 
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last conclusion. 

Proof Let U be any open covering of S and take any positive to,t and t'. 
Suppose that (x,x') G Q(S), we want to prove that (x -t,x'- 1') G Q(S). 

Let i = maxto + \t\,to + \t'\, and {x = x±, ■ ■ ■ , x n +i = x'\ti, • • • , t n } be a 
(U, t)-chain from x to x', then {x-t = xi, ■ • • , x n , x n+ i = x' •t f \t 1 — t, • • • , t n -i,t n + 
t'} is a (U, t )-chain from x ■ t to x' • t'. m 

Q(Y) and Q*(Y) have the following two properties: 

(1) If Y is closed, £l(Y) and Q*(Y) are closed invariant sets containing uo(Y) 
and o;*(y), resp. 

(2) If Y is closed, £l(Y) is the intersection of the attractors in S which contain 
uj(Y); similarly, Q*(Y) is the intersection of the repellers containing 00* (Y). 

The chain recurrent set R(S) is defined to be the set of x such that (x, x) G 
Q(S), or equivalently x G Q(x). The relation of chain recurrent sets with the 
attractor-repeller pairs and the nonwandering sets are as follows: 

(1) R(S) = D{A n A*\A is an attractor in S} 

(2) R(S) D N U (S) 

Definition A invariant set S is called chain recurrent if R(S) = S. A flow in 
X is called a chain recurrent flow if its chain recurrent set is the whole space. 

Morse decomposition 

Let S be a compact Hausdorff invariant set in X. The intersection of an 
attractor and a repeller in S is called a Morse set (rel S). 

Let = A n+ i C A n C ■ • • C A = S be a decreasing sequence of attrac- 
tors in S and let Mj = Aj n = 1,2, ••• ,n). Then the ordered set 

= {M n , M„_i, • • • , Mi} is called a Morse decomposition of S. Clearly, the 
Morse sets in D are disjoint and for any x G S, either 2; is in a Morse set, or 
there is i,j satisfying % < j such that oo(x) C Mj and a;*(x) C Mj. This means 
that each point in a connection orbit of S goes from a Morse set with low index 
to a Morse set with high index. 

The Morse decomposition is not unique. For example, let 1 < % < j < n, 
consider the decreasing sequence of attractors: = A n+ \ C A n C • ■ • C Aq = S , 
then = {M , • • • , Mj, Mjj, Mj_i, • • • , Mi} is also a decomposition of 5. Here 
M Jl = A l nA*. 

Conversely, let {M n , • • • , Mi} be any collection of disjoint invariant sets in S. 
If for any x G S, there is i < j such that a;*(x) C M, and a;(x) C Mj, then it can 
be proved that D = {M n , • • • , Mi} is a Morse decompostion. 

Let M(D) = M n U • ■ • U M x . Then for any decomposition, we have M(D) = 
n™ =1 {^ U A*}. Hence M(D) D R(S). 

Suppose that the nonwandering set N W (S) has finitely many components, then 
these can be ordered and become a Morse decomposition with M(D) = N^S). 
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But generally M(D) D R(S) D N U (S), hence in this case M(D) = R(S) = 
N U (S). 

Gradient-like flows and chain recurrent flows 

A flow is called gradient-like, if there is a continuous real valued function 
which is strictly decreasing on non constant solutions. Such a function is called 
a Lyapunouv function. The concept of a gradient-like flow is a generalization of 
one of a gradient flow, i.e., a flow of the form: 

v = gradf(v) 

where / is a (^-function defined on X. Clearly, — / decreases along the noncon- 
stant solutions as t increases. 

A gradient-like flow need not be a gradient flow. 

A flow is called a strongly gradient-like flow if its chain recurrent set is totally 
disconnected. A gradient-like flow with finitely many fixed points is a strongly 
gradient-like flow. 

We have the basic structure theorem of flows (see [9]). 

Theorem 2.1 Every flow on a compact space is uniquely represented as the 
extension of a chain recurrent flow by a strongly gradient-like How. 

This theorem means that if we collapse every connected component of the 
chain recurrent set to one point, then we get a quotient flow on the collapsed 
space which is a strongly gradient-like flow. The flow when restricted to every 
component of the chain recurrent set becomes a chain recurrent subflow. 

2.2 Local structure of gradient-like flows 

This section will provide a detailed description of the local structure near a 
fixed point of a gradient-like flow. The conclusion obtained here will be applied 
in sections 3.3 and 3.4. 

Let v be a gradient-like flow on a compact metric space X having n fixed 
points pi, i — 1, • • • ,n. Then there exists an associated Lyapunov function g{x) 
on X such that for a small r > 0, the sets g(B r (p i )) : % — 1, • • • , n do not intersect 
mutually. 

Let p be a fixed point of the flow v, and let Br (p) be a closed ball centered 
at p with radius |. For < s < |, we define two sets on the sphere dB r {p), 

B+ S (p) = {xe dB r {p) \[x,x-t] n dB s (p) ^ for t > 0} 
B- S (p) = {x e dB r (p) \[x,x-t] n dB s {p) ^ for t < 0} 

For any point x G B+ (p), let t x denote the arrival time of the trajectory 
[x,x ■ t](t > 0) to the sphere dBz(p). We have the following lemma. 
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Lemma 2.2.1 (1) Bf s (p) are closed sets on dB r (p). 
(2) t x is a lower semicontinuous function on B+ (p). 

Proof To prove (1), we need only to prove that the set dB r {p) — B+ S (p) is 
open in dB r (p). Let x G dB r (p) — B+ S (p), then x-t(t > 0) does not intersect with 
dB s {p) and will finally drop into another fixed point q. In terms of the choice of 
g(x), we can choose a < b satisfying 

B r (p) C g-\[b, +oo)); B r (q) C ^((-oo, a}) (2.2.1) 

Since x ■ t(t > 0) drops into q, there exists a T x > such that x ■ T x is in 
the interior of B r (q). Therefore there is a closed ball D&(x) such that for any 
y G Ds(x) ndB r (p), y -T x is in the interior of B r (q). We can choose 5 small enough 
such that the set D s (x) ■ [0,T X ] n dB s {p) = 0. Since y ■ T x G -1 ((-oo, a]), y ■ 
[T x ,+oo) G g-\(-oo,a]). Therefore D s (x) ■ [0, +oo) n dB s (p) = in view of 
(2.2.1). This shows that dB r (p) — B^ s (p) is open in dB r (p). 

To prove (2), let x G B^ s (p) and let t x < +oo be the arrival time. We need 
only to prove that for any small e > 0, there exists a neighborhood Ds(x) of x 
such that for any y G D s (x) fl B+ S (p), 

t y >t x -e (2.2.2) 

Since t x is the arrival time of the trajectory x ■ t(t > 0) to dBii{p), x • [0,t x — e] 
has a positive distance from dB^(p). By the continuity of the flow v, there is a 
neighborhood D x such that D x ■ [0, t x — e] has a positive distance from dBi_(p) as 
well. Hence for y G D x n B+ S (p), (2.2.2) is true. " ■ 

Since the Lyapunov function g(x) is strictly decreasing along any nonconstant 
trajectory, there exists a S x > such that g(x)—g(x-t x ) = 25 x . By lemma 2.2.1 (2) 
and the property of g(x), the function g(y) —g(y-t y ) is lower semicontinuous with 
respect to y on B+ S {p). Hence for each x G B+ S (p), there exists a neighborhood 
U x in (p) such that Wy G U x , g(y) — g(y-t y ) > 5 X . This implies that S^ s (p) : = 
min xeB + s ^ 5 X is positive and G B+ S (p), g(x) — g(x -t x ) > 6+ s (p). In the same 
way, we can obtain a S~ s (p) > such that \/x G B~ s (p), there is g(a; • (—t x )) — 

Let < si < S2 < | , then we have the following conclusions: 

(1) £+» C £+>);£->) C B'Jp) 

(2) ^ S2 (p)<^ Sl (p) 

(3) There are So > 0, such that for any < s < So, there is (p) fl B~ s (p) = 

The first two conclusions are obvious. For (3), we can choose sq > sat- 
isfying osc xe B ao ( P ) g( x ) < mm(S ^.s (p)- If there is a < s < Sq such that 
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Brs(p)^B~ s (p) y£ 0, then this means that there is a trajectory in B r (p) which has 
non empty intersection with dB r (p) and dB s (p). But this is absurd, because g(x) 
is strictly decreacing along any trajectory. After traveling from dB s (p) to dB r (p), 
then back to dB s (p), the value of g(x) will decrease at least S^ s (p) +S~ s (p) which 
contradicts the fact that osc xe B 3 (p) g{ x ) < osc xeB S0 (p) 9( x ) < m ^ n ^t,s(p)- Hence 
for < s < s , (3) holds. 

We introduce some notations that we will use later in this paper. 

Let v be a flow on a compact metric space (X, d) , whose nonwandering set 
has finitely many components. Denote them by A = {A n , ■ ■ ■ ,A\}. Define 
B r (Ai)(i — 1, • • • , n) to be the open neighborhood of A^ having distance less than 
r to A{. Now consider the flow v restricted to the punctured space X\\Jf =1 B r (Ai). 
Then all the trajectories can be classified into three types: 

(1) trajectories with domain [a, b], — oo < a < b < oo; 

(2) trajectories with domain [a, +oo) or [— oo, b], — oo < a, b < oo; 

(3) (-oo, +oo). 

We denote the sets of three type trajectories by r^(r),T^(r) and Tf(r) re- 
spectively. If Ai is a point pi in X for i — 1, • • • , n, then we denote Ff (r) simply 
by Ti(r). 

Since the flow v can be viewed as the action of the Lie group K. on the compact 
metric space X, we assume in this paper that this action is Lipschitz with a finite 
Lipschitz constant. Therefore we can talk about the tangent vector of a trajectory 
of v and integrate the tangent vector to get the length of a segment of a trajectory. 

3 Flows carrying a cocycle a 

3.1 Bounded Alexander-Spanier cohomology 

In his paper [8], Churchill introduced a bounded Alexander-Spanier cohomol- 
ogy theory. If we consider the category of compact pairs, this bounded Alexander- 
Spanier cohomology theory is identical with the usual Alexander-Spanier theory. 
One can see the proof of equivalence in [8] . In this section we will formulate such 
a cohomology theory. 

Let TZ be an ordered ring and X be any set. A function a : X — > 1Z is 
called bounded if there is an element M G 7Z + , called a bound for a, such that 
\a(x)\ < M for any x E X. Let X q+1 = X x • • • x X(q + 1 times, q > 0), 
and C q (X, TZ) be the module of all bounded function from X q+1 to TZ with addi- 
tion and scalar multiplication defined pointwise. A coboundary homomorphism 
5 : C q (X,1Z) -> C q+1 (X,n) is defined as 

g+i 

5a(x , ■■■ , x q+1 ) = ^2(-lYa(x , ■ ■ ■ , x h ■ ■ ■ , x q+1 ) 

i=0 
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where (xo, • • • , x q+ \) G X q+2 and (x , ■ ■ ■ , • • • , x q+ i) denotes the (q + l)-tuple 
(xo, • • • , • • • , It is easy to prove that 55 = and so ((7*(X, 1Z), 5) 

is a complex. 

An element a G C q (X,TZ) is said to be locally zero, if a as a function from 
X q+1 to 1Z vanishes in a neighborhood of the diagonal of X q+1 . All the locally zero 
elements of C q (X, 1Z) constitute a sub module of C q (X, 1Z), denoted by Cq(X, 1Z). 
(Cq(X,1Z),5) is a subcomplex, since if a is locally zero in X q+l , then 5a is 
locally zero in X q+2 . Define C*(X,7Z) to be the quotient cochain complex of 
(C*(X, 1Z), 5) by (Cq(X, 71), 5). Now the bounded Alexander- Spanier cohomology 
group H*(X,1Z) is the cohomology group of the cochain complex (C*(X, 1Z), 5). 

For any topological space Y and any continuous map / : X — > Y, there is the 
induced homomorphism f# : C*(Y,TZ) -> C*(X,1Z) defined by 

f*a(x , ■■■ , Xq ) = a(f(x ), ■■■ , f(x q )), 

where a G (7 9 (Y, 7£) and (x , ■ ■ ■ , x q ) G It is easily seen if a G C *(F,^), 

then / # a G Cq(X, 72.). Therefore / # induces a homomorphism from C*(Y,72.) to 
C*{X,K), and we still denote it by f#. 

Let % be the inclusion map from a subspace A to X, then we have the cochain 
map i# : C*(X,7e) -> C*(A,7i). Let C*(A,X,7e) := keri # . Now the bounded 
Alexander-Spanier cohomology module H*(A,X, 1Z) is defined to be the coho- 
mology module of the cochain complex C*{A,X,TZ). 

Let (B, Y) be a topological pair and let / : (A,X) — > (73, V) be continuous, 
then the cochain map /* : C*(B,Y) — > C*(A, X) induces the homomorphism 
f* :H*(B,Y,n) ^H*(A, X, U) . 

As mentioned in the beginning of this section, the cohomology theory con- 
structed above is identical to the usual Alexander-Spanier cohomology theory 
when restricted to the category of compact pairs. Therefore it satisfies the 
Eilenberg-Steenrod axioms and the continuity which is a special property of 
Alexander-Spanier cohomology theory. 

Let [a] G 7i 1 (X, 1Z), then a cocycle a G [a] is a bounded function from X 2 
to TZ with 5a being locally zero. If [a] = 0, then the representation a is called 
coboundary and there is a bounded function (3 : X — > TZ such that 5(3 — a is 
locally zero. If this is the case, we write 5f3 ~ a. 

Let [a] G H}(X,1Z) and A be a path connected component of X. Suppose 
that [a]\ A is zero and there are two bounded function (3 and f3' on A such that 
5/5 ~ 5f3' ~ a, then (3 — (3' is constant on A. Namely, because 5{(3 — f3) is locally 
zero on A, for any point x E A there is a small closed neighborhood such that 
f3 — f3' is constant on it. Since A is path connected, any two points on A can be 
joined by a chain of such closed neighborhoods. Hence (3 — (3' is a constant on 
A. Define I a (x,y) := (3{y) — (3{x), where x,y G A. It is obvious that I a (x,y) 
depends only on [a]. 

Now let X be a topological space. Let C(X) be the group of all the continuous 
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maps from X to S 1 .(C(X) can also be seen as the set of continuous functions of 
absolute value 1 defined on X. then we can talk about the angle of f(x)). Let 
R{X) be the subgroup of C(X) consisting of all the continuous maps having the 
form exp 2mH(x) with H(x) being a real-valued continuous function on X. 

Proposition 3.1.1[8][25] If X is a compact polyhedron, then the map J : 
C(X)/R(X) — > 1i}{X, R) is a group embedding, and the range of J spans 

t-C-{x, R). 

Let 7 be a curve in X and let A 7 arg / be the change of angular variable 
of / along 7. It is well-known that for any closed curve 7 in X, ^A 7 arg/ is 
an integer depending only on the homology class of 7 and the coset of / in the 
group C(X)/R(X). Hence C(X)/R(X) is in fact the integral 1-dimensional co- 
homology group. 

Take a group of closed curves ■ ■ ■ , l m }(m = dimX) such that the homol- 
ogy classes {[h], ■ ■ ■ , [l m ]} constitute a basis of Hi(X,M). With respect to this 
basis, we have the dual basis {[/1], • • • , [f m ]}- These circle- valued maps /1, • • • , fk 
are called rank 1 integral cocycles. 

3.2 Integration of cocycles along chains 

Let (X, d) be a compact metric space with metric d. For any point p G X, we 
can choose a sequence of open balls, B\ D B\ D B2 D • • ■ such that H^-Bj = {p}. 
Since the bounded Alexander-Spanier cohomology has continuity, it follows that 
lim^oo = ^({p}) = 0. Therefore for a fixed cocycle a , there is a small 

open ball B p such that «|b pX _b p is a coboundary. Then there is a bounded function 
f3 p defined on B p satisfying 5j3 p ~ tt|_g pX _B p - Since X is compact, for any arbitrary 
small r > 0, there are finitely many open balls {Bj} l - =1 with radius r covering 
X. Furthermore, on every closed ball Bj, there is f3j such that cx\g x g ~ 5/3j 
and \/3j\ has an upper bound Mj on Bj. We call this covering an r-covering and 
denote it by U(r). Define M a (r) = max,- Mj. 

Take a curve 7 : [a, b] — > X, and choose a partition a = to < ti < • • • < tk = b 
such that for < j < k — 1, 7 ([£,-, ^+1]) C -B^ for some 1 < i 3 < I. Now we can 
define the integration of a along 7 to be 

/fc-i 
« = E^(^+ 1 ))-A i (7(*i)) 
i=o 

Notice when 7([a, &]) C S io , then ^ol — 7 Q (7(a), 7(6)). 

Proposition 3.2.1 [8] Tie integral J^a is independent of the partition of 
7, tie covering {-Bi}- =1 and tie functions {f3i} selected on {Bi}. It depends only 
on the cocycle a and the relative homotopy class of 7. 
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Let v be a flow on X and choose an r-covering U for small r. Let 7 = 
{xo — x,xi, • • • ,Xk — y\to, • • • , ife-i} be a (W,T)-chain from x to y. We define 
the integral of a along the chain 7 as 



fc-i „ fe-i 



7 j=0 ^[^j^j-tj] j =0 

where (27 • tj,Xj + i) lies in Bi for some L?j ElA. 

If we connect point pairs (xj ■ tj,Xj + i)(j — 1, • • • ,k — 1) by any curve lying 
in Sj., we get an induced curve 7 from x to y. It is obvious that 



a 

7 



It is easily seen that the integration J a has the following properties: 

(1) If A e ft, then / \a = A / a. 

(2) If 7 is a trivial curve, i.e., represented by one point, then J'^a = 

(3) Let 71 and 72 be two curves for which the end point of 71 is the starting 
point of 72. Let 71 * 72 denote the curve 71 followed by 72, then 



/ a — a + a 



Proposition 3.2.2 Let a be a cocycle on the compact metric space (X,d). 
Let 7 be a curve on M with length £(7) < L, then there is a constant Cl depend- 
ing only on L and {Mj} such that 



a 



Proof With respect to a there is an r-covering U = {Bj} such that a\^. x ^. ~ 5{3j 
and \/3j\ has upper bound Mj on By Since 7 is a curve with length L, we can 
use at most [^] + 1 r-balls to cover r. Therefore 



I a < 2(f— 1 + 1) max M 7 - 



Corollary 3.2.3 Let v he a flow on a compact metric space (X,d) and let 
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a be a cocycle on it. If j(T) is a trajectory with time interval T <T , then there 
is a constant C To depending on T and {Mj} such that 



/ a 

A(T) 



< G 



T 



Proof For any 7 (T) with time interval T < T , we have 

Z( 7 (*)) = f |7(t)|rft<T max|7(t)|, 

Jj(T) 

hence by applying proposition 3.2.2, we get the conclusion. ■ 



3.3 Integration of cocycles in a gradient-like flow 

In this section we assume that v is a gradient- like flow with finitely many 
fixed points {pj',j = 1,2, •• • , n}. Let a be a cocycle on X. Then there is an 
associated r-covering U(r) such that when restricted to the closure of each open 
ball in U{r) , a is a coboundary. Let r be small enough such that the Lyapunov 
function g(x) corresponding to the flow v has mutually non-intersecting images 
g(B r (Pj)) for j = 1,2,- - • ,ra. 

Define #o( r ) — mm i<?<n ^r(Pj)- Since g(x) is uniformly continuous, there 
exists So < \ satisfying osc^ S( g(x) < |5o( r )- By our choice and in view of the 
analysis of the local structure of gradient-like flows (see section 2.2), it is easy to 
see that the following inequality holds: 

3nwxosc y6B . (x) 9(y) < $o(r) < S^rfa) < S^ SQ ( Pj ) (3.3.1) 

for j = 1,2, •• • ,n. 



Proposition 3.3.1 Let v be a gradient-like flow with finitely many fixed points, 
a is a cocycle with an associated r-covering. Let U{s) be an s-covering with 
s < so < \ f° r some So satisfying (3.3.1). Then there exist M > and T(so) > 
depending on r but not on s such that for any (U(s),T(so))-chain 7, we have 




Proof Firstly we will prove that given any s < r, for any trajectory 7 G Ti(s) 
with domain [a, b], there exists a constant T(s) satisfying b — a < T(s). 

Let x E dB s (pj), then the trajectory x-t or x-(—t) for t > will flow into some 
different fixed point of v. (There does not exist any trajectory joining one point 
to itself.) Without loss of generality, we assume that (x • t)(t > 0) flows into the 
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point pk for k 7^ j. (It is possible that the trajectory may pass through some ball 
B s (pi), but this does not influence the result below.) Hence there exists a T x > 
such that x ■ T x n B^(p k ) 7^ 0- By the continuity of the flow, there exists a small 
closed ball D Sx {x) which satisfies that for any point y G D Sx {x) fl dB s (j>j), the 
trajectory [y, y-T x ]C\ dBss (p k ) ^ 0. This shows that for any trajectories starting 
from D Sx {x) fl dB s (pj) their time intervals are not greater than T x , and covering 
the sphere dB s (pj) by finitely such small closed balls, then it is easy to see that 
any trajectory in r\(s) starting from dB s (pj) has time interval not greater than 
a constant Tj(s). Let T(s) = maxi<,-< n Tj(s), then all the trajectories in Ti(s) 
have time interval not greater than T(s). 

Let 7 = {x , y , xi, y±, ■ ■ • , x k - U y k _ u x k \t , r , • • • , t k - U r fc _i} be a chain. It 
is called an (r, so)-chain if it satisfies the following conditions: 

(1) xj e dBripij) for j = 0, 1, • • • , k - 1 and x fe e B r (p h )\ 

(2) % - • G dB r (p lj+1 ) for j = 0, 1, • • • , k - 1; 

(3) the point pair (x,- • t,-,?/j) G B s (rrij), for j = 0, 1, • • • , k — 1, where those 
B s (mj)'s are elements in the s-covering ZY(s) of X. 

(4) B s (mj),j = 0, 1, • • • , k - 1 and B s (pi j ),j = 0, 1, • • • , fc, are 2k - 1 open 
balls and any two of them do not intersect. 

(5) tj,Tj < T(so), where T(s ) is an upper bound for the time interval of all 
the trajectories in T^so). 

Now compute the integration of a along the (r, s )-chain 7. 



(3.3.3) 



k 1 p fc 1 p 

a\ < / a\ + / a 

k-l , k-l 

= I + I + M + ¥ 
Since < tj,Tj < T(s ), applying corollary 3.2.3, we obtain 

I + I < 2kd 

where C\ is a constant depending only on max \v(t)\, a and r. 

Connect the point pair (xj ■ tj,yj) with a line segment, then its length is at 
most 2s. Using proposition 3.2.2, we have 

M < kC 2 

Here C 2 depends only on s ,a and r. 
For V, 

¥ < 2kM a (r) 
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Combining the above estimates, we have 



a\ < W 



(3.3.4) 



where C depends on r, s , a and max \ v(t)\. 

Now the proof of the proposition is changed to the problem to reduce each 
(U(s), T(s ))-chain to an (r, s )-chain, while keeping the integration of a invari- 
ant. 

Let 7 = {xo,xi,-- - ,Xk\to,--- , tk-i} be a (U(s), T(so))-chain. Consider the 
following cases. 

(a) If the chain 7 is contained in a ball B r {p io ) for < i < n, then 



(b) There is 1 < ko < k such that the subchain 70^ = {xq, x±, • • • , x ko \to, • • • , 
£fc () -i} is contained in B r (p io ) but the point x ko • t ko is not in U™ =Q B r (pj). Hence 
there is a first intersection point xq of [x ko ,x ko ■ t ko \ and dB r (p io ). Let i satisfy 
xo • to — Xk ■ t ko and let yo = x ko +i- Denote the ball containing the point pair 
(xo • i ,y ) by B s (m ). Since t ko > T(s ) and 7ofc C B r (p io ), this implies that 
Xk G B so (p io ), hence the trajectory [x ,x ■ t ] does not intersect with B so (p io ). 
Otherwise, [x k , Xk ■ tk ] starts from B so (p i() ), intersects dB r (p io ), then goes back 
to B SQ (p io ). This conclusion contradicts (3.3.1) when we check the change of the 
Liapounov function g(x) along [xk , Xk -tk ]- Therefore [x , x -to] is part of a tra- 
jectory in rx(so), and we have t < T(s ). Since x -t = x ko -t ko is not in B r (p io ), 
by the choice of s, we know that yo := Xk +i ^ B So (pi ). Hence yo ■ £/c +i meets 
firstly B So (p^ ) for some fixed point pi x . Let yo ■ fo be the last intersection point 
of [y , yo " ^fco+i] with dBr^p^). In the same way, we can prove that f < T(s ). 
Joining x and x by a curve l xo x , then the subchain % ko is reduced to a curve 
lx x combined with a chain {x , yo\io, f } and it is clear that the reduction keeps 
the integration of a invariant. 

(c) There is a 2 < k Q < k such that the subchain 7o,fc -i = {x , x±, • • • , x ko -i\to, 
ti,'-- ,tk -2} an d the trajectory [xk -i,Xk -i • ^ -i] is contained in B r (p io ) but 
Xk ^ Br(Pi )- Then we take a point x G dB r (p i() ) nB s (m ), where B s (m ) is the 
ball containing (x fco _i • t ko ^x ko ). Since t ko > T(s ), the trajectory [x ko ,x ko ■ t ko ] 
will firstly meet Bg^p^). We denote x ko by yo and represent the last intersection 
point of [x ko ,x ko ■ t ko \ with dBr^p^) by yofo for some f > 0. Due to the same 
argument as in (b), we know that fo < T(so). So % ko is reduced to the combi- 
nation of a curve l XO x and a chain {^q, 2/0 1 , r }. It is clear that such inductions 
also keep the integration of a invariant. Note that x ko _i must be in B SQ (p io ). 

(d) There is a subchain 7 0feo = {x ,Xi,--- , x ko \t , • ■ • ,t ko -i} contained in 
B r (p io ) and the trajectory [x ko ,x ko ■ t ko ] goes through B r (p h ). Let x = y be 




7 



< osc xeBripio) P Pio (x) < 2M a (r) 
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the first intersection point of [xk ,Xk ■ tk ] with dB^p^). Also we can prove that 
f < T(so) as in (b) and (c). Then the chain 7 fc followed by [x^, yV^o] is reduced 
to the combination of l XO x with the chain {xq, yo|0, tq}, while the integration of 
a is invariant under change. 

(e) If xq ^ n™ =1 B r (pj), then xo-to will firstly meet some B s {p io ). Let x' = xo-t' Q 
be the last intersection point of [x ,Xq ■ t ] with dB r (p io ). In the same way, we 
can prove t' <T(s ). 

Now using the above steps (b)-(e) continuously, any (U(s), T(s ))-chain 7 = 
%ii ■ • • ^ Xk\to, ■ ■ ■ , ifc-i} can be reduced to the combination of a curve l Xo x ( 
or [x , x ■ t' ] in case (e)) with an (r, s )-chain 7 = {x , yo, • • • , %i\to, f , • • • , fj_i} 
if we can prove that (4) in the definition of a (r, s )-chain holds. 

If (4) is not true, then there exists an (r, s )-cycle 7 C = {x io , y io , • • • , y iv x io \t io , 
fj , • • • , Tj,} where the point pair • f in Xi ) G dB r (p io ). Now extend the tra- 
jectory y^ • t(t > 0) for j = 0, • • • , /. Since f c is obtained by reducing the 
(U(s), T(s ))-chain, hence y^ •£ will go through B So (p ij+1 ). We let y"; . -r^ (7^ > f^) 
be a point in B So (p ij+1 ). Take the inverse process corresponding to (2)- (4), then 
there is a trajectory starting from some point G B so (p/._i) to some point 

x^-i • ti ._i in the s-ball containing • tj j _ 1 and y^.. Therefore frome the cycle 
% we get a (U(s), T(s ))-chain 7 C = {xi ,y io , • • • , y ip x io \t io , r io , ■ ■ ■ ,^,,7},}. 

Consider the change of the function y(x) along %. On one hand, since the 
two ends of 7 C are Xi and y^ • T in by (3.3.1) 



J 5 9 < osc xeBso(pio) g(x) < ^o(r) 



'7c 

On the other hand, each y^-^O < t < r i;) .)(j = 0, • • • , /) goes across B r (p ij )\Br[p ij )^ 
we have 



f , 2 1 

y_ >(Z + 1)<V^ - 2(Z + 1) maxosc w6B .( a o 9W > <w) - -5 (r) = -S 



This is absurd. The contradiction shows that the chain 7 we get from a (W(s), T(s ))- 
chain 7 is indeed an (r, s )-chain. Let 7 = {a^, yo, • • • , ^|^o, ^0, • • • , t^-i}- Since i> 
is gradient- like, the index / is less than n. Therefore applying the estimate (3.3.4) 
and the fact that the reduction from 7 to 7 keeps the integration of a, we have 



a 



7 



a 



7 



<nC. 



where C depends on r, s , a and max \ v(t)\. Proposition 3.3.1 now is proved. ■ 
3.4 Flows carrying a cocycle a 

Consider a fixed cocycle a on X. With respect to a there is an r-covering for 
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small r such that the restriction of a to the closure of every r-ball is a cobound- 
ary. Let v be a flow on X having n fixed points {pj}" =1 . Consider the flow v 
restricted to the punctured space X\\Jf =1 B r (pi). Recall that in the end of section 
2.2, we have defined three sets Ti(r), T 2 (r) and r 3 (r). Now we have the following 
definitions. 



Definition 3.4.1 The How v defined on the compact metric space (X,d) is 
said to be an a-How, if there exist a cocycle a , a small r > and a T > such 
that for some p > and < A < 1, the following conditions are satisfied: 

(1) v is gradient-like in B r (pi) 

(2) max {Xiy)e§r{pi)xBr{pi) \I a (x,y)\ < \p, forl<i<n. 

(3) for any trajectory 7 G Ti(r), 

a > p 

(4) ifj(T ) denotes any sub-trajectory of 7 G r 2 (r)ur 3 (r) with time interval 
T , then 



/ a > 



P 



Similarly, if we replace the fixed points by connected nonwandering sets of v and 
replace the set Tj(r) by Tf(r) which is also defined at the end of section 2.2, then 
we can get the definition of generalized a-flows with respect to the nonwandering 
set A. 



Definition 3.4.2 The How v deHned on the compact metric space (X,d) 
is said to be a generalized a-How with respect to the nonwandering set A = 
{A n , ■ ■ ■ , A{\, if there exist a cocycle a , a small r > and a T > such that 
for some p > and < A < 1, the following conditions are satisHed: 

(1) There is a Lyapunov function gi(x) deHned in B r (Ai) for i — 1, • • • , n, such 
that Qi(x) is constant on Ai. 

(2) m&x {x! y )eSr{A . )x§r{Ai) \I a (x,y)\ < Xp, for 1 < i < n. 

(3) for any trajectory 7 G Tf(r), 




(4) if 7(T ) is any sub-trajectory of 7 G r^(r) U Tf(r) having time interval 
T , then 

/ " > P 

Definition 3.4.3 A How v is called carrying a cocyle a if v is an a-How or a 
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generalized a-fiow. 



We will give examples and some propositions to show that the (generalized) 
a-flows include many interesting and important flows. Let us give some examples 
first. 

Example 3.4.1 Let v be the gradient flow generated by a Morse function 
/ on a smooth manifold X. We say that the flow v is a df -How. In fact, in 
this case every function (5j defined on the closed ball Bj in the r-covering can 
be taken as the restriction of / to B r (p). Now let S(f) be the critical point set 
and Pi denote a critical point. Let p — \ min \f(pi) — f(Pj)\, where the minimum 
is taken over all pairs (pi,Pj) 6 Si(f) x Sj(f),i ^ j, and choose r small enough 
such that max p . e s(j) oscs r ( Pi ) |/| < |, then the flow v satisfies conditions (1) and 
(2). To prove (3), let 7 G Fi(r) be a segment of a trajectory joining B r (pi) and 
B r (pj). Since v is a gradient-flow, the p^ and pj must be two critical points with 
different index % and j. Then 

Jdf = /( 7 (6)) - /(7(a)) 

= f{Pi) - f{Pj) + f(l(b)) - /(ft) + f( Pj ) - /(7(a)) 

> fiPi) ~ fiPj) - 2 max osc Bripi) |/| 

PieS(f) 

> 2p - p = p, 

hence (3) is proved. Since v is a gradient flow, T 2 (r) U T 3 (r) is empty. Hence the 
condition (4) is trivial. 

Example 3.4.2 Let v be the flow generated by the vector field V dual to 
the closed Morse 1-form u. Take an r-covering of X such that to is exact when 
restricted to the closed ball B r (p), for instance, let uo = df p \§ r ( p )- By the preced- 
ing discussion, we know that I u (x,y) and f^u are independent of the choice of 
the r-covering and the related functions {f p }. Therefore 

< 2r max \df p . \ = 2r max \ou(x)\ (3.4.1) 

On the other hand, there exists a tq > such that a good coordinate system can 
be chosen in B ro (pi) for any i — 1, • • • , n, to make the dual vector field have the 
form (— xi, • • • , —x s ,x s+ i, ■ ■ ■ x m ). Furthermore, r can be chosen small enough 
such that 

r < mmd(B ro (p i ),B ro (p j )), 
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where pi G Si(u). 

Let r < y, then by analyzing the explicit expression of the trajectory in 
Br (Pi),i — I,'"" , it is easy to see that for any 7 G Ti(r), 



J\i{t)\dt> r f 



Using the above inequality, for any 7 G ^(r), we have 
= E^W*^))-/. (j (7(*i)) 

j J tj J a 

> min • / |7(i)| di 

> min \uj(x) \ ■ C rn 



(3.4.2) 



where C ro = y 

Therefore if we can choose r, p satisfying 

4r max |c*;(x)| < p < C ro min \u(x)\ (3.4.3) 

then conditions (2) and (3) are satisfied ((1) is obvious). Let | • |o be the Euclidean 
metric, then there exist constants C and d such that for any vector field V near 
any point x G X, 

Co\V\ < \V\ < din, 



Then 



and 



min > C r 



max < d?" 

x£UiB r (pi) 



Hence (3.4.3) holds if we can choose p satisfying 

4dr 2 < p < C ro C r (3.4.4) 

This can be done by choosing r small enough. Now we can choose r and p such 
that the conditions (2) and (3) are true. 

For the condition (4), we can choose T large enough such that for fixed r and 

P, 

|cu(7(t))| 2 dt = I u 

)) Jl{T Q ) 



p < min |cj(x)| 2 T < / 

x<£UiB r ( Pi ) Jf(T ) 
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The above argument shows that the flow v satisfies our definition, i.e., v is a 
w-flow, which fits with the fact that v is generated by the vectorfield dual to uj. 



Remark Example 3.4.1 can also be treated as in the example 3.4.2, but in 
this case every trajectory is in the set Ti(r). In the case of Example 3.4.2, it is 
possible for some closed 1-forms that the flows they generate have trajectories in 

r 2 (r)ur 3 (r). 

Example 3.4.3 We let w be a closed 1-form as in the example 3.4.2. Now 
we consider a family of flows depending on the parameter e, < e < 1: 

v E (t)=V(v(t))+eU(v(t)), 

where V(x) is the dual vector field of uj and U (x) is a vector field vanishing on a 
small neighborhood of each zero point of uj and satisfying the norm inequality: 

\U(x)\ < \V(x)\ = \lo(x)\. 

We claim that the flow v e is also an a>flow. This can be seen as follows. Firstly 
(3.4.1) holds. Secondly we study the integration of uj along 7 e e T\ (r), we have 



= E^(^(*i+0)-/x, J (7.(*i)) 

3 

j J tj 

= E f tj+ \^e(t)),V( l£ (t)) +eU( lE (t)))dt 
>(l-e) / H l£ (t)) 2 dt 

J a 



Since U(x) vanishes in a small neighborhood of each zero point, the argument 
behind (3.4.2) also holds in this case. Hence (3.4.3) should be modified as 

4r max \u(x)\ < p < (1 — e)C ro min 

xeUiB r (pi) X<£UiB r ( Pi ) 

Thus we can choose r, p small enough such that the conditions (2) and (3) in the 
definition are true. 

For (4), we should choose T large enough such that 

p<(l-e) min \u(x)\ 2 T < / uo 

Therefore, if we choose r, p, T suitably, the conditions (l)-(4) are also true for the 
flow v e . 
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Example 3.4.4 This example will provide a method for changing a gradi- 
ent flow of a Morse function to an a-flow with a being a nontrivial cocycle. 

It is well-known that in any closed smooth manifold Mq there exists a Smale 
function with exactly one local maximum point and one local minimum point. 
Hence the gradient flow of such a Smale function has only one minimal attrac- 
tor and one minimal repeller. Now take small m-disc D™ and D™ whose center 
points are the minimum point and the maximum point respectively. Now cutting 
the two discs and connecting the two holes by a "bridge" S" 1 ^ 1 x D 1 , we get a 
new manifold M±. Take the flow on S™^ 1 x D 1 to be the one generated by the 
vector field (0, ± j|) and let the flow go from the part of the original minimum 
point to the part of the original maximum point. After connecting the vector 
fields smoothly in the connecting collar, we get an a-flow on M\ (This fact can 
be shown in the same way as in Example 3.4.9.). It is obvious that this flow on 
Mi has no attractor or repeller and the set T 2 (r) U T 3 (r) ^ 0. 

If a gradient flow of a Morse function has more than two minimum or max- 
imum points, we can proceed as above and connect some minima and maxima 
pairwise to construct the a-flow with nontrivial cocycle a and having attractors 
and repellers. 

Example 3.4.5 (Flows carrying a cohomology class) We consider an 
extreme case in the definition of an a-flow v, i.e., that v has no fixed point in X. 
In this case, the set Ti(r) U T 2 (r) = and the only condition that makes v an 
a-flow is that there exist constants p > and T > such that for any trajectory 
7 (Tq) with time interval T , we have 



Now the a-flow v becomes a so called "flow carrying a cohomology class" as 
introduced by R.C.Churchill in his paper [8]. The reason that the flow is called 
"carrying a cohomology class" is that the above condition is independent of the 
choice of the representative in the cohomology class [a]. In fact, if «i G [a] is 
another cocycle, then there exists a coboundary (3 e H 1 (X, R), such that 



where 5(7) and e( 7 ) are the start point and the end point of the trajectory 7, 




ai — a ~ (3 



and so 




J-y(kTo) 

>kp- 2M P 



a + /3( e ( 7 (fcTb)))-/3(s(7(^ ))) 
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and Mp is the bound of (3. Hence if we choose k > [IMi+P] + i> then we have 

ai > P- 

j(kT ) 

The existence of a flow carrying a cohomology class in a manifold will induce 
the vanishing theorem for the Novikov numbers. This result will be given in sec- 
tion 4.5. 

The flow in the following example is a simple example of such an a-flow which 
also carries a cohomology class. It was first explained in this way in [8]. 

Example 3.4.6 Let S 1 be the unit circle. We will define a nontrivial cocycle a 
on S* 1 as follows. Define two open sets in S 1 : 



*-{<"l-f<»<f} 



Then U\ U U 2 is an open covering of S 1 . Define two bounded functions in U\ and 
U 2 . Let p 2 = in U 2 and let 



Me' 9 ) = { I 



571-1 



o 0e[- 5 f,o) 



Now we can define a nontrivial cocycle a : S* 1 x S* 1 — > R, 

„^ _ / A(e^) - A(e iei ) if |6> x - C 2 | < f , < = 1, 2 
1 ' Mo if |0! -0 2 | > f 

Let Hi : T m = S* 1 x • • • x S* 1 — > S* 1 be the projection map which projects from 
the m-dimensional torus to the i-th factor space. Define ai(x, y) : T m x T m — > R 
to be the pull-back map (tt^ x 7Tj)*a. It is easy to see that [aii](i — 1, • • • , m) is a 
linearly independent basis of the bounded Alexander- Spanier cohomology group 
H\X,R) 

Let = (tui, • • • ,u m ) be a constant irrational vector field in R m . Here "ir- 
rational" means that — 1, • • • , m) is an irrational number. Then this vector 
field can be projected to the torus T m such that u is a vector field on T m . Con- 
sider the irrational flow generated by u, 

v = u(v) 

Taking any point x on T m and integrating ctj along [x, x • t], we can get 

ai = [—]■ 

x,x-t] Z7r 

25 



This shows that the irrational flow is an aj)-flow for i = 1, • • • ,m , if 
uji > 0(ui < 0). In particular, it is a flow carrying cohomology class [«$](— if 
Ui > 0(ui < 0). 

Example 3.4.7 In Example 3.4.1 and Example 3.4.2, we have considered the 
flow generated by a dual vector field of a Morse function or a closed Morse 1-form. 
In those cases, the fixed points of the flows are non-degenerate fixed points. In 
some cases, those flows generated by a function or a closed 1-form may have Bott 
type nondegenerate critical manifolds. For instance, let Z be a non-degenerate 
critical manifold of a function /. This means the following condition holds: 

(1) grad/(:r) = 0, Vrr G Z. 

(2) At any point x G Z, there is a decomposition T X (M) = T^{Z) <g> T X (Z) 
and d 2 f(x) as bilinear form is nondegenrate along the vertical tangent subspace 
T X {Z). 

Since locally a closed 1-form u is the differential of a smooth function, hence 
the Bott type nondegenerate zero set of the closed 1-form u can be defined as 
above. 

Therefore using the same argument as in Example 3.4.2, it can be proved that 
such a flow generated by u is a generalized cu-flow with respect to all the Bott 
type nondegenerate zero sets. 

Example 3.4.8 In the paper [27], S.Smale introduced the Morse-Smale flow. 
We give the definition below. 

A flow v on a manifold M is called a Morse-Smale flow if it satisfies: 

(1) The chain recurrent set of v consists of a finite number of hyperbolic closed 
orbits and hyperbolic fixed points. ( The reader can see the meaning of "hyper- 
bolic" in section 4.3) 

(2) The unstable manifold of any closed orbit or fixed point has transversal 
intersection with the stable manifold of any closed orbit or fixed point. 

It was proved that such flows have "global" gradient-like structures and have 
a Morse decomposition which induces the Morse inequalities. 

However, in some cases, although the nonwandering set of the flow contains 
only the hyperbolic periodic orbits and the hyperbolic fixed points, the flow is not 
a Morse-Smale flow because of the existence of "cycles" which consist of some or- 
bits "connecting" different invariant sets and form a closed curve. We can give a 
definition of such flows when restricted to the category of flows carrying a cocycle. 

a-Morse-Smale flow Let v be a generalized a-flow with respect to the non- 
wandering set A = {A n ,--- ,A\}. If A contains only the hyperbolic orbits or 
hyperbolic fixed points, then v is called an a-Morse-Smale flow. 
The following example provides a concrete a-Morse-Smale flow. 

Example 3.4.9 Let W be a compact oriented connected manifold with bound- 
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ary dW = d+W U dJW . W is called a flow manifold if it satisfies the following 
two conditions: 

(1) d+Wnd-W = 0; 

(2) The Euler characteristic number x(W) = x(d-W). 

In his paper [1] and [2], D.Asimov has proved the facts that if W is a flow 
manifold such that dim(W) ^ 3 and W is not a Mobius band, then W has a 
round handle decomposition and a manifold with a round handle decomposition 
has a non singular Morse-Smale vector field, i.e., the flow generated by this vector 
field has only hyperbolic periodic orbits and at the boundary d-W(d + W), the 
vector field points outward (inward). Actually, he obtained the following result 
(see [15]): 

Let / : W — > [a, b] be a Morse function with two critical points p and q of 
index k and k + 1 respectively, such that the unstable manifold of q does not 
intersect the stable manifold p, then there is a non-singular Morse-Smale vector 
field X on W satisfying, 

(1) X = — V/ on a neighborhood of dW, and 

(2) the flow of X has exactly one closed orbit and this orbit has index k and 
is untwisted. 

Now we can use this fact to construct many a-Morse-Smale flows. A simple 
example is that we can reverse the flow and then double the manifold to get a 
closed manifold 2W and a flow on it such that the nonwandering set of the flow 
are the untwisted hyperbolic periodic orbits with index k and index n — 1 — k. 
This is actually an «-flow. The cocycle a can be defined as follows. Take a metric 
d on 2W, and define two open sets on 2W to be 

U 1 = {x e 2W I d(x, d_W) < 2e} 
U 2 = {x e 2W | d(x, d.W) > e}. 

Then U\ U U 2 is a covering of 2W. Denote the two half parts of 2W by W\ 
and W 2 - Define /5 2 (x) = on U 2 and define (3\{x) in JJ\ to be 

rO if d(x, Wi) = 
Pl[X) I 1 ifd(x,Wi) > 

Now the cocycle a : 2W x 2VT — > R is defined as 

1 I if <Z(z,y) > e 



In the same way we can piece together many flow manifolds with boundary to 
get a-Morse-Smale flows that possesses hyperbolic periodic orbits and hyperbolic 
fixed points with different indexes. 

Theorem 3.4.1 Let v he an a-Aow on the compact metric space (X,d). If 
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a is a trivial cocycle, then v is a gradient-like flow. Conversely, if v is a gradient- 
like flow, then v is a Sg-flow with g being the associated Lyapunov function of 
the flow v. 



Proof Firstly we will show that if v is an o-flow with a being a trivial co- 
cycle, then r 2 (r) U r 3 (r) is empty. In fact, if we assume that there exists a 
trajectory 7 G T 2 (r) U r 3 (r), then for large T the integral / 7 / T ) °- can be larger 
than any pre-given number. Now using a shortest curve K joining the two ends of 
7(T), then f 7 , T ^ K a = 0, since a is a trivial cocycle. This gives f, T ^ a = \ f K a\, 

however, this is not possible, since | J K Oi\ is bounded for any finitely long curve 
K. 

Secondly, we will show that there is no trajectory in Vi(r) forming a "cycle". 
If this case happened, then there would exist a (U(r), T)-cycle 7 = {p' io , • • ■ iP\ — 
Pi l*o» ' ' ' »*fc-i} where the P° int P air (Pij ^vPij+i) c B APij) for j = 0, • • • ,k-l. 
Since a is a trivial cocycle, we get J. a — 0. On the other hand, we have 

n k 1 n k 1 

>kp - Xkp > 

This is a contradiction. Therefore this result with the first one implies that 
for any x G X, its limit sets cu(x) and u*(x) are in U" =1 S r (pj), furthermore in 
{pi, i — 1, • • • , n} in view of (1) of the definition 3.4.1. Hence v is a gradient-like 
flow. 

For the second conclusion, since each gradient-like flow v has an associated 
Lypunov function g, if we define a : X 2 — * R to be 

<*(x, y) = g(y) - g(x), V(x, y) G X 2 

then it is easy to see that v is a <5g-flow. ■ 



Theorem 3.4.2 Let v be an a-How on the compact metric space (X,d). Let 
{■Si} — > as % — > 00. ff a is a nontrivial cocycle and for any M > and T > 
tiiere is a {U(s i ) ) T)-chain 7$ for eacn Sj sucii tiat 



o. 



> M 



(3.4.5) 



tnen f is not a gradient-like flow. Furthermore, if it is known that for any 
M > there is a trajectory 7 satisfying (3.4.5) or there is an oriented cycle 70 
consisting of some orbits joining fixed points where the direction is determined 
by the forward direction of the flow v such that 



Q 



> 1 



(3.4.6) 
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then v is not a gradient-like flow. 



Proof The first conclusion is a direct corollary of proposition 3.3.1. and the 
third one is obvious. We only consider the second case. From proposition 3.2.3, if 
the time intervals of the trajectories have an upper bound, then for any cocycles 
on X the absolute value of the integration, | f~ et\ has a uniform bound. There- 
fore the trajectory 7 with respect to the arbitrary large M has arbitrary large 
time interval and it is the chain needed for the hypothesis in the first conclusions 

Theorem 3.4.3 Let v he a a-how with a non-trivial cocycle a on a com- 
pact metric space (X, d). If v is not a gradient-like How, then for any small 
sequence {s^ which tends to zero as i — > 00, and for any M > 0, T > there is 
a (U(si),T) -chain 7, for each such that 



Q 



> M (3.4.7) 



Proof If v is not a gradient-like flow, then there is a non fixed point Xq in 
the chain recurrent set of v. Therefore for any s and T > there is a (U(s),T)- 
chain 7 = {x , ■■■ ,x k = x \t , • • • , t fc _i}. 
Now we consider two possibilities: 

(1) lix Q -ti U? =1 B r ( Pl ) 

In this case, we have the integration: 

/ « > [Up 

J[x,x-t] J o 

Since x is a point in the chain recurrent set of v, there is a (U(s), T)-chain 
7 = {x , • • ■ ,Xk = Xo\to, ■ • • ,tk-i}, and we can modify the chain 7 to get a 
(W(s), A;T)-chain 71 = {xq, Xo\kT}. We can let 7 to be a (U(sq), T)-chain for 
small sq < s such that there exists a x' in the ball B s {m il ) containing the point 
pair (xq ■ T,xi) satisfying x' ■ (— T) G B s {p io ) and x' ■ T e B s {m i2 ). The point 
is that a (U(sq), T)-chain for small s can provide a chain (U(s),T) for large s, 
while decreasing the number of trajectories it contains. Hence we can obtain a 
(U(s), T)-chain 71 = {x ,^o|^} f° r an y s an d T. The integration of a along 7171 
has the following estimates: 

f T T 

/ a>n([—]p-osc B ,l3 X0 )>n([—]p-2M a ) 

Therefore if we choose T > 2M ^ r ° + 1 and n large enough, then (3.4.7) is true. 

(2) If x ■ t G U" =1 S r (pj) for some t 

In this case we can replace xq by x -to, since • to is also a point in the chain 
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recurrent set of the flow v. So we assume that xo G B r (p io ). Using the same 
argument as in (1), there exists an s > depending on Xq such that for any 
s < s , there is a (U(s), T)-chain 7 = {xo, ■ ■ ■ ,Xk = xo\to,--- ,tk~i} satisfying 
(xj ■ tj,Xj + i) G B s {rrij + i) C B r {p ij+1 ) for j — 0, 1, • • • , k — 1. Thus we have 



a > n(kp — Xkp) 



If n is large enough, the integration will be larger than any given number. So 
(3.4.7) holds. ■ 
In view of Theorem 3.4.1-3.4.3, the following corollary is obvious. 

Corollary 3.4.4 Let v he an a-Row on the compact metric space (X,d). 
If for any chain 7, 

I _a\<M 

J 'y 

for some M > 0, then v is a gradient-like Row. 

Example 3.4.10 Theorem 3.4.2 and 3.4.3 give a sufficient and necessary con- 
dition (3.4.5) for an a-flow to be a non gradient-like flow on X. The following 
simple example shows that an a-flow with a being a nontrivial cocycle can be a 
gradient-like flow if it does not satisfy the condition (3.4.5). 

Let S* 1 be the unit circle with the standard metric. Choose r > small enough 
and consider the following four open sets 





= {0\ 




7T , 

- 5 I < M 


u 2 


= {0\ 


\o 


37r i i 

-yl<2r} 


u 3 


= {0\ 


7T 

2 


+ r <9 < — - r} 


u 4 


= {0\ 




- + r < 6 < r\ 

2 2 J 



Then L)| =1 C/j is a covering of S 1 . Define bounded functions (3i(i = 1, 2, 3, 4) on Ui 
as follows 

Pi(x) =0, if i = 1,2 



and 



, ifl . JO iff + r<^<7r 
^ 3(e ) = { 1 if^<tf<^-r 



A(e^) = { 



2 



2 if-f + r<#<0 
if0<6»<f-r 
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Consequently, we can define a cocycle a(x,y) : S 1 x S* 1 — > K. to be 

A 1 = /A(^ 2 )-A(e !91 ) if|0!-0 2 |<r, fori = 1,2, 3, 4 
1 ' J 10 if |0i-0 2 | >^ 

This cocycle is a nontrivial cocycle. Since if we let 7 be the oriented curve starting 
from the point 9 = | and then going around the circle in the clockwise direction, 
then for any integer /, we have 




Now we consider the gradient-like flow v on S 1 , that has two fixed points 
at 9 = ±|, and flows from the point 6 — | to the point 6 — — |. Then it is 
easy to check that v carries the cocycle a with the parameter X — 0, p — 1 and 
^(r) U T^(r) = in the definition 3.4.1. 

Example 3.4.11 Let v be a flow on S 1 which has three fixed points at 
9 — 0,^-, 4^, and the forward direction of the flow is the anticlockwise direc- 
tion. It is easy to see that v carries a nontrivial cocycle and is a non gradient-like 
flow. 

Example 3.4.12 Let v be the flow in Example 3.4.2, i.e., generated by a 
closed Morse 1-form 00. If [00] is a nontrivial cohomology class, then v is a non- 
gradient-like flow. 

This result can be seen as follows. We can lift u to a covering space X 
such that the pull-back form by the projection map is an exact form, say, df. 
Then the lifting flow v is the gradient flow of / on any cobordism f^ 1 [a, b] for 
— oo<a<6<oo. Since / is strictly decreasing along the nonconstant tra- 
jectory of —v, there does not exist a global attractor in the interior of / _1 [a,6]. 
Therefore, there is always a trajectory or a chain consisting of orbits joining fixed 
points such that the start point is at the level set but the end point is at 

f^ 1 (a). Since \a\, \b\ can be arbitrarily large, hence by Theorem 3.4.2, v on the 
underlying manifold X is not a gradient-like flow. 

Remark However, for general a-flows, things would be complicated, since 
in the definition of the a-flow, we use a "global" integration. Hence this allows 
some "fluctuation" to occur in the flow 

3.5 7r-Morse decomposition of a-flows 

From proposition 3.1.1, we know that there is a group embedding J : 
C(X)/R(X) -> H\X;R) whose image spans n\X;R). Let {fi}f =1 be func- 
tions in C(X) such that the image on = J(fi)(i = 1,2, ••• ,m) is the cocycle 
representing the rank 1, indivisible integral cohomology class [a,], while making 
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linearly independent. Let [k] be the integral homology class dual to [aij] 
for i — 1, • • • , m, i.e., 

Let 7r be a subgroup of the fundamental group of X spanned by {h, • ■ ■ , l s }. Since 
X is a compact polyhedron, there is a covering space X with deck transformation 
group 7r. Let P n : X — > X be the projection map. Take a function /j : X — > S* 1 
for 1 < i < s. There is a function fi'-—fi-P n ' X — > S* 1 . Since the pair 

((/*)* • (^)* • vri(X, x ), d0) = ((P w )*tti(X, x ), (/*)*(^)> 
= 27r((P 7r ),7ri(X,x ),a i ) = 0, 

for 1 < i < s, each /j has a lifting map /j : X — > R such that /i(x) = exp 2nif i (x). 

Assume that 1 is a regular value of fi for 1 < i < s. Define Ni(k) = 
fr\k), W^k) = fr\[k,k + l]) and N t = fr\l), then P'^N,) = U^N^k) 
and h- Ni(0) = N^l). Define X = {x G X;0 < fi(x) < 1, 1 < i < s}, 
then Xq is a fundamental domain in X. Let A^ (l) := X fl iVj(l) and let 
N i0 (0) := X n JVj(O). Then the boundary of X is Uf =1 (iV i o(0) U iV i0 (l)). The 
functions {ff, 1 < i < s} divide the boundary of X into two parts: 

iv+ = uu^io(i); JV - = uu#»(0) 

Definition 3.5.1 (7r-Morse decomposition) Let v be a flow in a compact 
polyhedron with metric d. Let v be the lifting Bow of v in the covering space X 
which has a deck transformation group it as above. If v satisfies the following 
conditions: 

(1 ) The nonwandering set A of v has finitely many connected components 
{A n , • • • , Ai\ in the fundamental domain X . 

(2) {Nq , A n , ■ ■ ■ ,Ai\ is a relative Morse decomposition of v in X , where 
"relative" means that \/x G X , uo(x) U uj*(x) (jL U" =1 Aj, the trajectory x ■ t goes 
through Nq(Nq) at forward (backward) time and u(x) U u*(x) X . 

Then we say that v has a ir-Morse decomposition. 

Lemma 3.5.1 Let v be a How in a compact space X and let P n : X — > X be 
the covering projection mentioned above. If A is a nonwandering set in X, then 
P n (A) is also a nonwandering set in X. 

Proof Let A be a nonwandering set in X and let x E A. Take an open 
neighborhood U of x such that P n : U — > P-k{U) is a local homeomorphism. 
Since x G oo(U), there is a sequence X{ G U and U G R, U — > oo, such that for 
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any smaller neighborhood V of x, when i becomes large enough, then Xi-U G V. 
Fix Xi and project the integral curve x^ • t to X, then we get an integral curve 
P v {xi ■ t) = P n (xi) ■ t starting at P w (xi) G P n {U) ending at P^lxi ■ t) G P n (V). 
Therefore P(x) is a nonwandering point in X, which shows that P^{A) is a non- 
wandering set in X. ■ 
By lemma 3.5.1, the set P n (Ai)(i — 1, • • • , n) is a nonwandering set of v in X, 
and is called a 7r-stable nonwandering set of v. Denote the set {P n (A n ), • • • , 
P^A,)} by K(v). 

Now we let v be an a-flow on X and the cocycle a is nontrivial with rank s. 
Without loss of generality we can assume that the cohomology class [a] has the 
following representation: 



[a]=^A l H, A>0 (3.5.1) 

i=l 

for i — 1, • • • , s. (3.5.1) implies that there is a bounded function (3 : X — > R such 
that 

a — ^ AjCtj ~ 5/5 (3.5.2) 
i=i 

We still use 7r to represent the subgroup of the fundamental group of X spanned 
by {h,--- ,l s }. 

Theorem 3.5.2 Let v be an a-Bow with a being a nontrivial cocycle having 
rank s on a compact polyhedron X with metric d. Then v has a n-Morse decom- 
position with rank n = s and the n-stable nonwandering set is Af n (v) = {pj}" =1 . 

Proof As before, we denote the lifting flow of v in X by v and denote the 
lifting trajectory of any 7 by 7. To show that v has a 7r-Morse decomposition, 
we should prove the following facts: 

(1) There is no oriented cycle in X . 

(2) For any x G X , either x ■ t goes through N^(Nq) and then out of X 
forever at forward (backward) time, or u(x) U u*(x) is contained in the union of 
the fixed points in Xq. 

Since an oriented cycle in Xo when projected down to X will be an oriented 
cycle in X, therefore for the proof of (1), we will show that any oriented cycle in 
X can be "untied" when lifting to the covering space X, i.e., the lifting trajecto- 
ries go from the infinitely far place to the infinitely far place. 

Let 7 C be an oriented cycle consisting of fixed points Pi , - ■ ■ ,Pi k = Pi and 
trajectories [pi^PiJ, • • • , [Pi fc _i,PiJ- Consider the integration of a along j c . Ap- 
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plying the definition that v is an a-flow, we have 

k-l „ k-l 



a -^l2 a ~Yl osc ^€B r ( Pl3 ) l3 Plj (x) >kp-\kp>0 

Jlc 7 - = Jtyi v Pi j+i \r J=0 3 3 



where \p iv p ij+1 ] r e ^i{r) is a sub-trajectory of [p ip p ij+1 } 
Notice that 



y^Aj / a>i= a> 

j=l Ac Ac 



Hence there is an index 1 < « < s such that 

a,- > 1 



7c 



Here we use the fact that at is an integral cocycle. Let 7 C be the lifting curve of 
7 C on X. It is easy to see that the following holds: 



/ Sfi = ^-A 7c /i = / a, > 1 



ijnWi(o) 

and furthermore, for any integer m > 0, 

/ 8f > m 

Jicnivj^Wiik)) 

This shows 7 C goes from the infinitely far place to infinitely far place. Therefore 
(1) is proved. 

To prove (2), we only need to prove for any x G X with its limit set lv(x)(uj*(x)) 
not in the union of all the fixed points of v , that the lifting flow x ■ t will pass 
through Nq(Nq) then go to infinity at forward (backward) time. 

Assume that uo(x) £ U" =1 {pj}. There are two cases which may occur for the 
trajectory x • t(t > 0). 

Case 1. x • t meets infinitely many balls {B r (p io ), B^p^), • • • , S r (p i( ), • • • }. 
Then the integration of a is 



J[x,x-t] k=Q J[x,x-t] k k=Q 



where l(t) is an integer representing the number of balls that [x,x ■ t] has met 
and [x,x ■ t] k e T^r) is a trajectory of [x, a; • t] between B r {jp ik ) and B r {p ik+1 ). 
We have the estimate 

/ a>l(t)(l-X)p (3.5.3) 

J [x,x-t] 
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Since a ~ J2i=i ^i a i + $P an d P '■ A — > R is a bounded function(let its bound 
be M^), then 

J> / a,>/(t)(l-A)p-|/3(x-t)-/3(x)| 

i=l J[x,x-t] 

>l(t)(l-X)p-2M p (3.5.4) 
If t is large enough such that l(t) > (1 f x) , then we have 




a>i > C 



for arbitrary large C. Now we can use the same argument as in (1) to show that 
the trajectory [x, x ■ t] must pass through Nq and then travel to the infinitely far 
place of X. 

Case 2. After meeting finitely many balls, x ■ t travels in the region X\ U" =1 
B r (pi). 

In this case, we have (assume that [x,x ■ t] meets no balls). 

/ a > [Up 

J[x,x-t] J 

In the same way as in case 1, we can prove that [x,x ■ t] will pass through Nq 
and then go to infinity. 

We can also discuss the case that uj*(x) ^ U" =1 {pj}. In that case the trajec- 
tory x ■ t will pass through A^q" and then go to infinity as t — > — oo. 

Now we have proved (2), and the theorem is proved. ■ 
Using the same argument as in the proof of Theorem 3.5.2, we get 

Theorem 3.5.3 Let v be a generalized a- Bow with respect to the nonwan- 
dering set A = {A n , ■ ■ ■ ,Ai} on a compact polyhedron X with metric d. If a 
is a nontrivial cocycle having rank s, then v has a n-Morse decomposition with 
respect to A with rank n = s and the n-stable nonwandering set is M n {v) = A. 

4 Novikov-Morse Theory 

4.1 Deformation of complexes relative to a-flows 

In this section, we let X be an m-dimensional compact polyhedron. Let v 
be an a-flow on X, where a; is a nontrivial cocycle. 

By Theorem 3.5.2, the flow v has a 7r-Morse decomposition, where n is a sub- 
group of the fundamental group of X determined by the cocycle a. Assume that 
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7r is spanned by G + := {/i, • • • , l s }, where s is the rank of a. Let X be the cover- 
ing space of X with deck transformation group ir. As in section 3.5, the boundary 
of the fundamental domain Xq, 8Xq consists of two parts, Nq = Uf =1 iVjo(l), and 
N = Uf =1 N i0 (0) and satisfying for % — 1, 2, • • • , s, 

/, • iV l0 (0) = A^l) 

Define 7r + to be the monoid constructed by (G + , e) with the group action from 

71. 

Now the triangulation of X provides a triangulation of Xq such that dX is 
an m — 1-dimensional subcomplex. Define R to be the subcomplex formed by 
those m — 1-cells in Nq. For any p-dimensional cell e in R, we can define a map 
k from R to G + such that /c(e) is a replacement map sending e to «(e) • e G iVo". 

Now we fix the triangulation of dX and modify the inner simplices in X . 
In detail, we will replace those cells supported on the boundary by cylinderical 
cells. 

Note that 8Xq is a simplicial complex, we can retract 8Xq a small distance 
e into the interior (if we choose a metric), e is so small such that each cell in 
dX does not degenerate during the movement. In this way, we actually get a 
CW-decomposition of X with the cells around the boundary being cylindrical 
cells. Denote the m — 1-dimensional subcomplex obtained by retracting Nq by 
distance e by Ri. 

Lifting Xq to the universal covering X, we can get a fundamental domain X 
in X. At this point, we forget all the information about the flow. 

Now the lifted part of the boundary dX forms some part of the boundary 
OXq. Hence the elements of G + are still replacement maps. We can view re(e) 
for e G R as a replacement map acting on R, the lifting of R. 

Define a set A^ in X to be the space getting rid of all the cylindrical cells 
supported on Rj having the form: e x el , I = (0, 1). Lifting N to X , we get 
Nq. Let i_ : R — > R fl dX and i + : R —> Rj (~) dN be two injections. Then i± 
are injections from R to iV . Define / g to be a map from C q (R) to C q (No): 

fq = K- - («+)*(•) 

where is a Z-linear extension of the map defined on the basis as follows: 

Ve G C,(i2), 

k ■ (i_)*(e) = /c(e) • (i-)*(e) 

Here /t(e) is the element in G + . 

/t • also commutes with the differential d. Take a simplex e G C q {R) 
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and let d R e = J2 e , e', then we have 

k ■ (iJ)*(d R e) = ^ K ' ( i -)*( e> ) = ^2 K ( e '} ' ^-)*( e ') 

e' e' 

= K (e) • ($^-)*( e ')) = K (e) • c^ o (i_)*(e) 

e' 

= d N„( K - (^-)*( e )) 

Therefore / = {/ 9 = k • (i-)* — i+} is a chain map from C*(R) to C*(iVo). 

Consequently, we can construct the algebraic mapping cone (con(/)*, d c ), 
whose q-th term and differential are 

con(f) q = C q - 1 (R)®C q (N ) 

-d R \ 

/ ^0 J 

Now our aim is to construct the chain equivalence between (con(/)*, d c ) and 
(C*(X ),djf )). 

Since the basis of the Z-module chain complex C*(JT ) contains two kinds of 
cells, the cylindrical cells supported on i+(R) and the other cells in N . Each 
element f3 G C q (X ) can be represented linearly and uniquely in the following 
form: 

(3 = (-l) q - 1 (i + )*(e) xel + s 

where e G C g _i(i2), / = (0, 1) and s G C q (N ). 
Define 9 q : con(/) 9 — ► C 9 (X ) as 

^(e ®s) = (-l) q -\i + )*(e) xel + s = p 

and define r\ q : C g (X ) — > con(f) q as 

77,(/5) = e © s 

Clearly, 9 = {9 q } and 77 = {r] q } are chain maps satisfying 9-rj = Id^ o and = Id c 

Proposition 4.1.1 Let (con(/)*, d c ), and 77 be defined as above, then the fol- 
lowing diagram commutes and 9 defines a chain equivalence between (can(/)*, d c ) 
and (C*(X ),dx o ). 

con(/), — con(/),_i 

Cg(^o) *" C q -i(X ) 
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Proof Let e © s G C q -i(R) © C ? (7V ), then 
q -i ■ d c (e © s) 

= O q ^{{-d R e) © (/c(e)(i_)*(e) - (i+)*(e) + d^s)) 

= -{-l) q ~ 2 {i+)*{d R e) x el + «(e)(i_),(e) - (i+).(e) + d# Q s 

On the other hand, 

d* o -0,(e©s) 

= d io ((-l)«- 1 (i + ),(e)xe/ + a ) 

= (-l) 9_1 (i+) * (d fl e) xeJ+ (i+)*(e) x e - (i+)*(e) x + d^s 
= (-l)' ?_1 (i + )*(rf i? e) x £/ + «( e ) • (i_),(e) - (i+),(e) + d^s 

Hence the diagram is commutative, and the claim is true. ■ 
Let p e : 7Ti(X) — > 7r be the extension of n by the normal group iri(X). Since 

7r + is a monoid in n, the set p c T 1 (vr + ) is also a monoid of 7Ti(X). We denote 

Pe 1 ( 7r +) by ni(X) + . Z7ri(X) + is a subring of 1m\{X). 

Now we can tensor C*(R), C*(X ) and con(/)* with the ring Ztti(X) + , then we 

have^Z7ri(X) + -module chain complexes (Zni(X) + © C*(i2), / © djj), (Z7Ti(X) + © 

C*(X ), / © c?x ), and Z7Ti(X) + © con(/)*, I © d c ), where 

and /©/ = I<S>(k- (i-)* — («+)*) is a Z7ri(X) + -chain map from Z^i (X) + ©C*(i?) 
to Ztti(X) + ©C*(iVo). 

Let i? + = U fle ^- 1 (jc) + ^ • i-(R), then C*(i?+) becomes a Z7ri(X) + -module chain 
complex. Let X + = U ge7Tl (x) + g • X , then C*pT+) is also a Z7Ti(X) + -module 
chain complex. Define a chain equivalence s* : Z7ri(X) + © C*(X ) — >■ C*(X + ) 
as follows, 

for g © e G Ztti(X) + © C*(X ), 

s*(# © e) = 5 • e 

Extending the maps (i±)*, / equivariantly to (i±)*, /, acting on C*(i? + ), e.g., let 
g G 7r 1 (X) + , e G C*(R), then g ■ e E C*(R + ) and /( 5 • e) = </ • /(e) = g ■ /(e) = 
g-[K- (i_)*(e) - (i+)*(e)]. 

The following diagram is commutative 

Ztt 1 (X) + © C*(iT) -^t Z7ri(X)+ © C*(7V ) 

s* s„ (4-1.1) 

C*(i?) *C*{N + ) 
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where N + = \J ge ^(x)+g • N . 

Consequently, we have the following commutative diagram with exact rows 
and with the vertical chain maps s* being Z7Ti(X) + -isomorphic. 

Ztti(X) + <g> C*_i(i2) Ztti(X) + <g> con(/)* Z7Ti(X) + <g> C*(N ) 

s* ss* s* 

*C„_i(£+) -con(j% -C*(7V + ) -0 

where con(/)* = C*_i(i2 + ) © C*(iV + ) is a Z7r 1 (X) + -module chain complex with 
differential, 

-dn + \ 
/ d* + J 

Here the fact that ss* := s* © s* is a chain map is justified by the commutative 
diagram (4.1.1). 

From the Five-Lemma for complexes, chain equivalence. Thus we get 

the following corollary from proposition 4.1.1. 

Corollary 4.1.2 The two Zni(X) ^-module chain complexes (C*(X + ), d x+ ) 
and (con(f)*,d c ) are chain equivalent. 

Similarly, if we extend the maps k • (i_)*, («+)* and / to Z7Ti(X)-equivariant 
maps from C*(R) to C*(N), we have 

Corollary 4.1.3 Tie two Zni(X) -module chain complexes (C*{X),d x ) and 
(con(f)*,d c ) are chain equivalent. Here the q-th term and differential of the 
mapping cone (con(/)*, dx) is 

con{f) q = C q ^{R)®C q {N) 

H'fl) 

where f — k • (i_)* - 

4.2 Monodromy representations and Novikov numbers 

In this section, we will construct the Novikov complex associated with a co- 
cycle a and establish some properties of this Novikov complex. 

Abelization of fundamental groups 
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Recall the group 7r is relative to the a-flow. Take the generator set G + of 
7r, G + = {li, • • • , l s }. There is a natural homomorphism 

Pa : 7r — > If , s = rank7r 

which sends U to (0, • • • , 0, e^, • • • , 0), where is the unit 1. 

Combining pa with the extension homomorphism, we get a group homomor- 
phism: 

Ptti = PA' Pe- TTlPO ► % S 

This group homomorphism can be extended to a ring homomorphism: 

p ni : Z[tt(X)] — Z[Z S ] 

However, there is a natural ring homomorphism p g from Z[Z S ] to the Laurent 
polynomial ring Q s = Zft^t" 1 ; i — 1, 2, • • • , s]. p q is defined as follows. Let 
g = J2 z jEji where Ej = (ai, • • • ,a s ) is an s-dimensional vector with integral 
entries, then 

Hence combined with p^, we get the representation 

Pirjq = Pq ■ Ptt! : Z[7Ti(X)] ► Q s 

In fact, p niq is fully determined by the group n and its representation. Restricting 
Pn iq to the subring Z[7Ti(X) + ], we can get a ring homomorphism 

PP = P7r ig |z[7ri(X) + ] : Z[7Ti(X)+] > P s = Z[ti, ■ • • , t s ] 

Monodromy representations 

Let E be a local system of free abelian groups on the compact polyhedron X, 
then E is determined by its monodromy representation p E : 

Pe : 7ri(X,x ) — > Aut(£ ) = GL(k, Z) 

where -Eo is the fibre of the free abelian group at xq and = rank(i?o)- Let 
E = E <S> C, then £ is a complex flat vector bundle with the holonomy p# 

p E : m(X, xq) — > GL(k; Z) <g> C 

Now the tensor product of the representations p q ® p E gives a representation 
of a Z[7r 1 (X)]-ring to the linear space (Q s ) k , where Q s is the polynomial space 
with s variables over Z. 

Since p E is an anti-homomorphism, i.e., Vg,g' G Z[iri(X)], p E (g ■ g') = pE(g') • 
Pe{9), hence pp ® p^ gives a right Z[7ri(X)] + -module structure on P s fe . With the 
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P-module structure of itself, P k becomes a (P s , Z[7ri(X) + ])-bimodule. 

Define P* = P s fe ®z[tti(x)] + C*(X + ), then P* is a P s -module chain complex. 

Evaluation representations 

Take any complex s- vector a = (a±, • • • , a s ) G C s . The complex number field 
C can be given a P s -module structure, whose module structure is provided by 
the action: for a polynomial P(t\, ■ ■ ■ ,t s ), P{t±, ■ ■ ■ , t s ) ■ x — P(ai, ■ ■ ■ , a s ) ■ x = 
P(a) ■ x for x G C. We denote the P s -module of C evaluated at t = a by C a . 
Similarly for any a G (C*) s , C can be viewed as a Qs-module. If p is a prime 
number, then the field Z p also has a P s -module structure which is given by the 
evaluation at t — 0. We consider the complexes C a ®p s P* and Z p ®p s P*. The 
following theorem for s = 1 is given in the paper [13]. Here we consider the case 
s > 1 and use a different argument, which is based on section 4.1. 

Theorem 4.2.1 Let P* = P s fc (gJz^pQ+i C*(X+). We nave 

(J J For any nonzero complex vector a G (C*) s , the homology P*(C a Cg>p s P*) 
is isomorphic to H*(X, a a <S>E), which is viewed as the homology of the presheaf 
a a <g> P on X. 

(2) Let p be a prime number and let Z p have the P s -module structure which 
is provided by the evaluation at t = (ti, • • • ,t s ) = 0. Then the ^homology 
P*(Z P ®p 3 P*) is isomorphic to H*(X Q , |P/| x el; Z p <g> P*E), where E is a local 
system on X and P*E is the pull-back local system on X by the projection 
P„ : X — >X. 

(3) P*(C ® Ps P*) is isomorphic to P*(X , |P 7 | x el; P*E). 

Proof Since the proof of (3) is the same as that of (2), we only give the 
proofs of (1) and (2). 
Proof of (1) 

Since the Z[7ripT) + ]-basis of C*(X + ) is finite, all the complexes related to 
C*(X + ) are finitely generated, and hence all the homology groups are finitely 
generated. 

For a G (C*) s , we have the isomorphism 

C a ® Ps D* =C a ® Ps ((P s ) k <8>z [wi (x) + ] C.(X+)) 

= (C„ ®Q S (Qs)") ®Z[ n (X)] (Z[7Ti(X)] ®Z[ 7 r 1 (X) + ] C,(X+)) 

^(C a ® z Z fc ) C,(X) 

Here the representation of Z[7Ti(X)] is given by 

9 — ► pp(a)(g) ® pE(g) 
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Hence the homology of C fc ®z[tti(x)] C*(X) is the same as the homology of the 
presheaf a a <g> E on M that corresponds to the flat vector bundle produced by 
the above holonomy representation. (1) is proved. 
Proof of (2): 



Z p ® Ps D* Z p ® Ps (P s fc ®z [fflW+ ] C*(*+)) Zj ®z[ wlW+ ] 
Here the representation of Z[7Ti(X) + ] on Z p is 

9 — >pp(o)(g) ®pE{g) (4.2.1) 

Since pp(p)(g) = pp(o) • PAPe(g), except in the case that g G Z[7Ti(X) + ] satisfies 
p e {g) = G Z fc , the evaluation representation will make the final representation 
vanish. Hence (4.2.1) becomes 

9 — ► pE{g), Hpe(g) = o 

g^O, ifp e (g)^0 

By corollary 4.1.2, in order to prove (2), we need to prove that Zp<g>z[7u(x) + ]Con(/)* 
is equivalent to (Z p <g> P*E) <8> C*(X , \Ri\ x el). Now we have 

K ®z[ Wl (x) + ] con(j% = (Zj <8>z[ Wl (x) + ] C ? _i( J R+)) © (Zj ®z [7 r lW+ ] ^(^f)) 



,[tti(x) + ] a c 



d = I -I ®Z[ W1 (X) + ] 



/ ®Z[tti(X) + ] / / ®Z[7ri(X)+] djv + 



If we take E <g> C*(R) as the complexes of i? with twisted coefficients i?, then 
^ <8>Z[ W1 (X) + ] C*(£+) = Z p ® (£ ® C,(i2)). Similarly Z* ® Z [ 7 r 1 (x )+ ] C*(7V + ) = 
Z p <g> (P*E <g> a(X , x £/)). Therefore 



Zj(8i z[wiW+] con(/)» = (Z p (8)(£(8)a_i( J R)))e(Z p (8)(P; J E?(8)C,(Xo,| J Rj| xe/))) 
and its differential is the same as 



d r 



-d R 

Hi-)* d. 



l X 

The conclusion of (2) now comes from the following lemma. 

Lemma 4.2.2 Let N be a compact manifold with a piece of bound- 
ary denoted by N + . Let R be a topological space having a continuous map 
i + : R — > N + which is a homotopy equivalence, then the homology of the map- 
ping coneC = con((i+)* : C*(i2) — > C*(N)) is isomorphic with that of C*(N, N+). 
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Proof We have the short exact sequence of complexes 

C* (N+) -U- C* (iV) (N, N+) 

Then we have the long exact sequence of homology groups: 

3 X H q (N) H q (N, N + ) H q ^(N + ) H q _ 1 (N) 

Similarly, from the short exact sequence of the mapping cone 

> C*(N) ^ con(i + )* ^ C,_i(i2) »- 

we get the long exact sequence 

> H q (R) ^ H q (N) H q (con(i + )) H q ^(R) 



> H q _i(N) 

The two long exact sequences yield the following two short exact sequences 
Coker(j; : H q (N + ) -> H q (N)) H q (N, N + ) 

>Ker(j* : H q . 1 (N + ) - H^N)) -0 



and 

Coker : H q (R) -> H q (N)) H q (con(L 

*Ker((i+), : H q _i(R) — > H q -i(N)) -0 



Note that (?+)* : H q (R) — > H q (N) is the combination of the isomorphisms 
H q (R) -> H q (N + ) and j„ : H q (N + ) -> if 9 (JV), and therefore using the Five- 
Lemma, we get for any q > 

H q (N,N + ) = H q (con(t + ),) 



Novikov numbers 

In Theorem 4.2.1, we have considered the complex = P s fc (g>z[ 7ri (x) + ]C*(X + ). 
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In this part, we always let the vector bundle E that appears in the previous sec- 
tion be a trivial line bundle. Therefore the complex A we consider here has the 
form A = P s ®z[tu(x) + ] C*(X+). Since the representation of Z[7Ti(X) + ] in P s 
is completely determined by the cohomology class [a], we denote the homology 
group if*(C a ®p s A) as H*(X, a a ), or in other words, view the homology group 
H*(C a ®p s A) as the homology group of the presheaf a a on X which is given by 
the monodromy representation p P : Z[7Ti(X) + ] — > P s = Z[t 1; • • • ,t s ]. 

Definition 6* ([a]) := rank(A(A)) for i — 0, 1, • • • , m are called the Novikov 
numbers. 

The following is essentially given in [20] and the proof here is essentially the 
same as in the paper [12] except that we consider here s > 1 and X a compact 
polyhedron. For the sake of completeness, we give the proof here. 

Theorem 4.2.3 Let X be a compact polyhedron. Define a function for fixed i 
to he 

a E (C*) s — > dim c H^X, a a ), 

then it has the following properties: 

(1) It is generically constant, more precisely, except on a proper algebraic 
subvariety £ in (C*) s , the dimension dim c Hi(X, a a ) is constant and this constant 
is just the Novikov number &«([«]) we defined above. 

(2) For any point d E C, 

dim c H i (X,a a )>b l ([a]) 



Proof we denote by B^a) the rank of the following linear map 

I®d:C a ® Ps A — ► C a ® Ps A-i 

It is easy to see that this map I ® d can be represented by a matrix with entries 
being polynomials with s variables on (C*) s . Therefore, we know that except 
on a proper algebraic variety in (C*) s , Bi(a) is constant and on that algebraic 
variety Bi(a) is smaller than the generic constant. 
Consider the following truncated complex, 

>C a ®Di — > C a ® A-i — ► 0, 

and using the Euler-Poincare formula, we obtain 

oo oo 

^(-l)^rank(C a ® A-i-h) = dim c (^(C a <g) A-i+*)) 

3=0 3=0 
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Therefore we obtain 

oo 

dim c Hi(X; a a ) = ^(-l) J rank(C a ® D i+j ) 

3=0 

oo 

- ^(-l) J rank(/J i+J (C a <g> D.)) - B t (a) 

3=1 

Now it is easy to see that (1) and (2) are true. 

Remark If s = 1 and X is a closed manifold, then it was proved in the paper 
[11] that the Novikov number we defined here is the same as the Novikov number 
which is defined as the dimenion of the homology group of the Novikov complex 
and which was originally introduced by S.S. Novikov in his papers [18], [19] and 
[20] (see the introduction). 

4.3 Morse type inequalities for a filtration 

In this part, we always assume 1Z to be a commutative Noetherian ring, and 
C be a f.g. finite 7£-module chain complex. Suppose that C has a filtration of 
finite length:{0} C C n+1 C ■ • • C C l C C = C. We will give a Morse type 
inequality for C under the above filtration. 

First, we consider a triple (V, r", r) of complexes, satisfying the inclusion 
relations r' C r" C r. Then we have a short exact sequence of complexes 

— > t"/t' — > t/t' — > t/t" — > (4.3.1) 

Define C(/i,t) = r//x to be the quotient complex of complexes r and /i. Let 
t) = H*(C([/,, r)) be the homology groups of the quotient complex C(/i, r). 
We get from (4.3.1) the long exact sequence of the homology groups of the triple 
(t',t",t), 

► ^(r", r) //o(r', r") — // (r', r) — H (r", r) (4.3.2) 

where 5j : if,-(r", r) — > i?j_i(r / , r"), j = 0, 1, • • • is the connecting homomor- 
phism. 

Introduce some notations as follows 

r) = rank(iJj (/i, r)) 
dj(r', r", r) = rank(im5j) 

j>0 
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Then we have 



Lemma 4.3.1 If (t',t",t) is the triple of f.g. IZ-module chain complexes 
in (4.3.1), then 

p(r", r; t) - p(r>, t; t) + p(r' , r"; t) = (1 + t)q(r', r", r; t) (4.3.3) 



Proof Truncating the long exact sequence of (4.3.2), we obtain the exact se- 
quence for j — 0, 1, • • • (we define 5_i = 0), 

-> im(<Sj) -> ^(r', r") -> /^(r', r) -> if^r", r) -> im^_i -> 

Now it is easy to get the result by using the standard method. ■ 
For the given filtration of C, we let (r', r", r) = (C n+ i, C,-, C,_i), j = 1, • • • , n. 
By lemma 4.3.1, we have for j = 1, • • • , n 

p(Cj, Cj_i; i) - p(C n+ i, Cj_i; t) + p(C n +i, Cj! *) 
= (l + t)g(C„ +1 ,Q,Q_ i; t) 

Hence we get 

Proposition 4.3.2 If C is a f.g.hnite TZ-module chain complex with filtra- 
tion {0} C C n+ i C C n C • • • C C = C, then we have 

rt+l n 

J>(C,, Cj-i; t) = p(C n+1: C; t) + (1 + t) 9(Cn+i, C,-, CT,-.!; t) 
j=i i=i 

Morse type inequalities for a filtration of a G-CW complex 

Let G be a topological group acting on a CW-complex X. Suppose that X 
is a finite G-CW complex(i.e., X/G is a finite CW-complex) with a G-invariant 
filtration 

0CX n+1 cX„C---X o = X (4.3.4) 

Remark For a G-CW complex X, there is a natural filtration filtered by its 
own skeleton, e.g., 

= x- 1 C X C • • • X p C • • • U p > X p = X 

The p-th chain group is C P (X) = H p (X p , X p_1 ), and its basis consists of the 
p-dimensional equivariant cells. The differential d p : C P (X) — > G p _i(X) is the 
connecting homomorphism of the triple (X p , X p_1 , X p ~ 2 ). 
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Let TZ be a commutative Noetherian ring and p : ZG — > End(7£) be a repre- 
sentation of the group G in TZ. Then (4.3.4) induces a filtration of the 7£-module 
chain complex TZ ®ig C*(X), 

0C^® ZG C*(X n+1 ) C • • • C TZ ® ZG C*(X ) = TZ ®z G C*{X) (4.3.5) 

Denote TZ ®zg C*(Xj) by Dj for j = 1, • • • , n + 1, then (4.3.5) becomes 

C D n+1 C---CD = D (4.3.6) 

Since X is a finite G-CW complex, the 7£-module chain complex D is finitely 
generated. Hence we have 

Proposition 4.3.3 Let TZ be a commutative Noetherian ring with a G- 
representation. Let X be a finite G-CW complex with a G-invariant filtration 
(4.3.4), then 

n+ 1 n 

D i-u *) = p(D n+ i, D; t) + (1 + t) ?Pn+i, Dj, Dj-i, t) (4.3.7) 

3=1 3=1 

where Dj = TZ ®ig C*(Xj), and p(-, ■; t), q(-, ■, ■; t) are defined as above, e.g., 
p{D j ,D j _ 1 -t)=Y,bi(D i ,D j - 1 )t 

l>0 

b t (Dj, D^) = rankiH^TZ ® ZG C*(Xj, Xj^))) 
Comparison of Poincare polynomials for prime ideals 

Let TZ be the ring mentioned above and C a chain complex over the ring 
TZ . Take a prime ideal V in TZ, and we can define a chain complex C(V) over 
the quotient field Q(TZ/V) of the entire ring TZ/V, 

C{V) := Q(TZ/V) ® n C 
Define the j-th Betti number of C(V): 

bj(C;V) = bj(Q),C;V) = dim Q{n/P) (Hj(Q(TZ/V) ®n C)) 

Let Q be another prime ideal such that V C Q. We can define the torsion number 
Tj(V, Q) of C(V) with respect to Q as: 

Tj{V, Q) = mnk v {imd j+1 {V)) - rank Q (imrf j+1 (Q)) 
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where dj(V) represents the boundary operator in C(V). 

In the same way, we define the Poincare polynomial of C (V) as: 

P(C;t,V) := J>(C,P)^ 

j>o 

The following result is proved in [13]. However, since we need more informa- 
tion than provided in [13], we will give a different proof below. 

Proposition 4.3.4 Let 71 be a commutative Noetherian ring and C a chain 
complex on 7Z. IfV, Q are two prime ideals in 7Z such that V C Q, then there is 
a polynomial Q(V, Q; t) with nonnegative integer coefficients such that 

P(C; t, Q) = P(C; t, V) + (1 + t)Q(V, Q; t) (4.3.8) 

where (l + t)Q(V, Q;t) = E^T^P, Q)+T j . 1 (V, Q)P . 

Proof For any j — 0, 1 • • • ,we have two short exact sequences. 

— ► kerdj(V) — ► Cj(V) — ► imdj(V) — ► 
— > imd j+1 (V) — > ker^-(P) — > Hj(C(V)) — > 

Therefore 

rankpCj('P) =rankp(ker dj(V)) + rank v (imdj(V)) 

=rank P (H j(C(V))) + rankp(im^(P)) + rank P (imrf j+1 (P)) 

In the same way, for the prime ideal Q, we have 

rank e Cj(Q) = rank Q (iJ j (C(Q))) + rank 9 (im^(Q)) + rank Q (imd j+ i(Q)). 

Since Cj is free module on 7Z, we have 

rankpC^P) = rankgC^Q) 

Thus, by taking the difference we get 

b 3 (C; Q) - b 3 {C; V) = Tj(V, Q) + T^V, Q) 

and then 

P(C; t, Q) - P(C; t, V) = ^T(T,(P, Q) + T^V, Q))t j 

j>o 

Note that the Euler-Poincare equality holds: 

P(C;-1,V) = P(C;-1,Q) 
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which implies that the right hand side can be written as (1 + t)Q(V, Q;t) with 
Q(V, Q; t) a polynomial with nonnegative integer coefficients. 

4.4 Isolated invariant sets and Conley index 

In this section, we will explain the concepts of isolated invariant sets and 
Conley index which were introduced by C. Conley (see [9], [10]) as a generaliza- 
tion of critical points and Morse index of a Morse function. Using the Conley 
index pair, we can generalize the Novikov inequalities for counting the zeros of 
a closed Morse 1-form to the Novikov-Morse type inequalities for the isolated 
a-flows which will be defined in section 4.5. 
Isolated invariant sets 

Let a flow v be defined on the space X and let iV C X be a compact set. iV 
is called an isolated invariant set of the flow if the invariant set I(N) C intiV. 

It is easy to prove that if D — {M n , ■ ■ ■ , Mi} is a Morse decomposition of an 
isolated invariant set S, then each Morse set M^i — 1, • • • , n) is an isolated set. 
Index pair 

Let S be an isolated invariant set. A compact pair (N , Ni) in X is called an 
index pair for S, if 

(1) Ni\N is an isolated neighborhood for S. 

(2) iVo is positively invariant relative to Aq. 

(3) if v G Aq and v ■ R + £ Aq, then there is a t > such that v ■ [0, t] C Aq 
and v ■ t <E N 

Here condition (2) means that if v G N and v ■ [0, t] C Aq, then v ■ [0, t] C N . 
(3) implies that for any point t> G Aq, either v flows into the invariant set or flows 
out of Aq at finite time through the "exit set" N . 

The index pair has the following two important properties: 
Homotopy invariance 

Let (Ao,Aq) and (N Q , Ni) be two index pairs of an isolated invariant set S. 
Then the two index pairs as space pairs are homotopically equivalent. 
Continuation principle 

Since we do not use this property in this paper, we refer the interested reader 
to the fourth chapter of [9]. 

Because of the homotopy invariance, the index pair defined by C. Conley is 
called the Conley index, and we define h(S) to be the homotopy type of the index 
pair (*, Aq/Ao) of the isolated invariant set S. 

Computation of the Conley index 

Sum formula 

If Si and ^2 are isolated invariant sets with n S 2 — 0, then Si U S 2 is an 
isolated invariant set and ^(^i U S 2 ) = h(Si) V /i(5 , 2 ), where V denotes the join 
of pointed topological spaces. 
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This formula can be achieved as follows. Let (N ,Ni) and (N ,Ni) be the 
index pairs of Si and S2 respectively, then (N U N , Ni U Ni) is the index pair 
for the isolated invariant set Si U S 2 . Hence h(Si U S 2 ) = (*, JVi U iVi\iVo U 7V ) = 
/i(Si) V /i(S 2 ) 
Product formula 

Let Si and S 2 be isolated invariant sets with index pairs (N , Ni) and (N , Ni) 
respectively, then Si x S 2 is an isolated invariant set with index pair (N , Ni) x 
(7V ,iVi) =_(dN x JVi U 9iVo x jVi,JVi x NJ. Hence /i(Si x S 2 ) = (*, JVi x 
iVi\^ xiViU dN x iVi) = (*, A^i\A^ ) A (*, iVi\iV ) = h(S{) A /i(S 2 ). Here "A" 
is the smash product between two pointed spaces. 
Index of hyperbolic fixed points of the flow 

Let x be a fixed point of the flow v = V(v). Consider its linearized equation 
at Xq , 

v = DV(x )-v (4.4.1) 

Xq is called a hyperbolic fixed point if the real part of each eigenvalue of the 
coefficient metrix DV(xq) is not zero. Hence the tangent space T X0 M = E + © 
E~, where E + (E~) represents the eigenspace of the eigenvalues having posi- 
tive (negative) real part. Let k = rank(i? + ) and D k be the /c-dimensional unit 
disc in E + . Since the local unstable manifold and the local stable manifold are 
transversal at the hyperbolic fixed point xq, the Conley index h(vo) = (*, D k /dD k ) = 
(*,S fc ). 

Index of an orientable hyperbolic periodic orbit 

Let Xq be any point in the hyperbolic periodic orbit t>o and let T^M be the 
tangent subspace vertical to vq. Then the derivative of the Poincare map defines 
the stable eigenspace E~ and the unstable eigenspace E + . Let k = dimE + , then 
this means that the eigenspace of the unstable manifold is orientable, the Conley 
index h(y ) = (*, S 1 H {*}) A (dD k , D k ), where (*, S 1 H {*}) is the Conley index 
of the flow 6 = 1 in S 1 . Therefore, 

h(v ) = (*,S 1 H{*}) A(*,S fc ) 

(*,S 1 H{*» A(*,S X ) A(*,S k - r ) 

= (*,s 2 y s 1 ) A(*,s k - r ) 
^ (*,s fc ) v (*,s fe+1 ) 

i.e., the index of i>o is the sum of a pointed /c-sphere and a pointed k + 1-sphere. 
Index of an unorientable hyperbolic periodic orbit 

Let P XQ be the Poincare map at a point of the hyperbolic orbit. Without loss of 
generality, we can assume that dP XQ G 0(m—l). Now the unstable manifold is the 
integral submanifold of E + . If the unstable manifold is unorientable, E + x P S 1 
is a twisted vector bundle on S 1 twisted by dP X0 . We can connect dP X0 with 
—I E 0(m — 1) by a path, so the homotopy type of E + x_j S 1 is the same as 
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E + XpS 1 . Hence we can assume that dP Xo reverses only 1 eigensubspace and the 
Conley index of v is the product of a pointed k — 1-sphere with a Mobius band 
collapsing its boundary, hence 

h( Vo ) = (*, rp 2 n {*}) a (*, s*- 1 ) 

Index of a critical manifold 

Let Z be a non-degenerate critical manifold of a smooth function /. This 
means that the following two conditions: 

(1) grad/(a;) = 0, Vrc e Z. 

(2) at any point x G Z, there is a decomposition T X M = T^-(Z) © T X (Z) 
and d 2 f(x) as bilinear form is nondegenerate along the vertical tangent subspace 

t x Hz) 

The subspace T^{Z) can be decomposed again into the direct sum of E+ 
and E~ which correspond to the eigenspaces of positive eigenvalues and negative 
eigenvalues of d 2 f\ T ±( Z y 

If Z is connected, ranki?" does not depend on the point x. Hence 'md(Z) = 
dim (rankE") is an invariant of Z and is called an index of Z with respect to the 
Morse function /. 

Let k = m — dim Z — indZ and let D k , S k_1 be the unit disc and unit sphere 
in We let D k (Z), S k ~ 1 (Z) represent the fibre bundles on Z with fibres D k 
and S k ~ x respectively 

Now giving a metric to the manifold M, there is an e-small closed tubu- 
lar neighborhood U(Z) such that U(Z) is homeomorphic to the normal bundle 
T ± (Z). Let dU + (Z) be the intersection of the boundary dU(Z) with the unstable 
manifold U + (Z) of the gradient flow of /. Then (*, U{Z)\dU + {Z)) is the index 
pair of Z which is homotopic to (*, U + (Z)\dU + (Z)). The latter pointed space is 

homeomorphic to (*, D k (Z)\S k ~ 1 (Z)). Let o(Z) be the local system on Z such 

that C ® o(Z) is the orientation bundle o(Z) on Z. Let E be a local system 
of abelian groups on M and E = E <g> C. Applying the Leray-Hirsch theorem 
(see[28]) to the fibre-bundle pair (S k -\Z),D k (Z)), we have 

D k (Z)\S k - 1 (Z); ^{Z)®E\ Z )^ H,{S k ~\Z), D k (Z); ^{Z) ® E\ z ) 
H*(Z, ^{Z)®E\ Z )® #*(*, S k - C) ^ H*_ k (Z, ^Z) ® E\ z ) 

Hence 

Il.' In Z). o{Z)®E\ z )^ H^ k (Z, o(Z) ® E\ z ) 

4.5 Novikov-Morse type inequalities for flows carrying a cocycle 

Let v be a flow on a compact polyhedron X having a 7r-Morse decomposi- 
tion. Assume that the 7r-stable nonwandering set of v, J\f n (v) = {A n , ■ ■ ■ ,Ai\. 
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We have the following definitions. 

Definition 4.5.1 (Isolated 7r-stable nonwandering sets) Let the flow v 
be as above. A n-stable nonwandering set Ai in A is called an isolated n-stable 
nonwandering set if Ai is also an isolated invariant set of v. 

We denote the set containing all the isolated 7r-stable nonwandering sets by 
TA/». 

Definition 4.5.2 Let v be a generalized a-How with respect to A = {A n , ■ ■ ■ ,A±} 
Then by Theorem 3.5.3, v has an associated ir-Morse decomposition andM(v) = 
A. If each A^ is an isolated instable nonwandering set, then v is called an isolated 
generalized a-Gow or an isolated flow that carries a cocycle a. 

It is easy to see that all the previous examples are isolated (generalized) 
a-flows. 

Before formulating our main result in this section, we introduce some alge- 
braic notations. 

Ideals 

Let P s = Z[£i, • • • ,t s ] be the polynomial ring with s variables over the in- 
tegers Z. Define a prime ideal I in P s to be / = 1 + (t±, ■ ■ ■ ,t s ), where (t±, ■ ■ ■ , t s ) 
is the ideal generated by t±, ■ ■ ■ ,t s . Then the zero set of J is a codimension 1 
arithmetic variety in C s . Let a E (C*) s be not in the zero set of /. Define I a 
to be the prime ideal in the polynomial ring P s consisting of the polynomials 
vanishing at a. By the choice of a, the free terms of all the polynomials f(t) e I a 
are divisible by some prime number p. Therefore we obtain 

I a Cl p = ( P ) + (*!,-•• ,t s ) 

Theorem 4.5.1 Let X be a compact polyhedron with a metric d. Let v be 
a flow on X having a n-Morse decomposition with rank n = s and satisfying 
IAf n (v) = Af n (v). Let E be a local system of free abelian groups and let E = 
C <S> E. If a G (C*) s is not in the arithmetic variety associated to the prime ideal 
I — 1 + (ti, • • • , t s ) C P s , then there is a prime number p relative to a such that 

p(h(A); t, Z p <S> J* A E) = p(X; t, df ® E) 

AeiJV^(v) 

+ (1 + i)Qi(/„, I p , t) + (l + t)Q 2 (I p , t) (4.5.1) 

where J a is the inclusion map from the isolated neighborhood of an isolated in- 
variant set to X, Qi(I a , I p ; t) and Q2(I p ] t) are all polynomials with nonnegative 
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integer coefficients, and tif is a complex line bundle determined by the represen- 
tation of the group ip. 

Proof Since v has a 7r-Morse decomposition, the lifting flow v of v has a 
relative Morse decomposition 

D = {N+,A n ,--- ,A 1 } 

and it is easy to see that A^i — 1, • • • , n) are isolated invariant sets in X because 
of that Ai(i = 1, • • • ,n) are isolated invariant sets. Now we use the following 
lemma about the existence of a filtration of a Morse decomposition which was 
given in [10], with a slight improvement here. 

Lemma 4.5.2 Let S be an isolated invariant set in a compact space X and let 
{M n , • • • , Mi} be a Morse decomposition of S. Then there exists an increasing 
sequence of compact sets N n C iV n _i, • • • , C N such that, for any j > i, the pair 
(iVj_i, Nj) is an index pair for Mjj. In particular, (N n , N ) is an index pair for S, 
and (Nj, Nj_i) is an index pair for Mj. Those compact sets Nj can be chosen to 
be CW-complexes if the space X is a CW-complex. 

Applying this lemma, we can get a filtration Rj x el C N n C N s _i C • • • C 
Ni C X . Let U be a set in X .^ Let the lifting of U in the fundamental do- 
main of the universal covering be Uq. We can define a semi-equivariant set in the 
universal covering X to be U+ := U ffe7ri (x) + <? • Uq. With that notations we get a 
7Ti(X) + -equivariant filtration in X: 

RT^sI C (N n ) + C (N n -i)+ C • • • C X + (4.5.2) 
This filtration of spaces induces the following filtration of complexes: 

C P^z[mx)+]C*(Ri x e^) C P*® z[ni(X ) + ]C*((N n ) + ) ■ ■ ■ c P s fe ® ZMX)+] C*(A > + ) 

Here the representation of the subring Z[7Ti(X) + ] in the space P s fc is described in 
section 4.2. 

Continue to tensor the above filtration by 7L p ®p s and use proposition 4.3.3, 
we get the Poincare polynomial 

n+l 

p( Z p ® J*E <g> C^Nj), Z p <g> J*P <g> C,(JVj_i) ; t) 

3=1 

= p(Z p <g> J*P <g> x e/) , Z p <g> J*P <g> C*(X ) ; t) 

n 

+ (1 + 1) q(Z P ® PP <g> C»(^j x e/) , (4.5.3) 

Z p <g> J*P <g> c*(iy,-) , Z p <g> J*P <g> C*(A> _i) ; t) 
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where we define N = Z p <g> J*E <g> C*(X ) and N n+1 = Z V ® J*E <g> C*(Ri x e/). 
Denote the sum term on the right hand side of (4.5.3) by Q 2 (^ P ;*), then (4.5.3) 
can be written as 

71+ 1 

= p(Z p <g> J*£ <g> C»(^j x e/) , Z p <g> J*£ <g> C*(X ) ; (4.5.4) 
+ (l + t)Q 2 (Z p ;i) 

Since a is not in the arithmetic variety associated to the prime ideal /, we have 
I a C Ip, where I p is defined before this theorem. By Theorem 4.2.1, (2), we have 

p{Z p <g> J*E <g> C*(Ri x e/), Z p <g> J*£ <g> C*(X ) ; f) 
= p(Z p (g) Ps (P s fe ®z MX ) + ] C*(X+)); t) 
= p(Z p <g>p s D*;t) 

= J2 b A Z P®Ps D *) tj 

= p(D*;t,I p ) 
Now by proposition 4.3.4, 

p(D*; t, Jp) = p(A,; i, / a ) + (l + 0<5i(4, /„; (4.5.5) 

where 

(1 + t)Qi(/ , / P ; = ^(^(4, /p) + 7}_i(/ a , J p ))f. (4.5.6) 

i>o 

But by Theorem 4.2.1, we have 

p(L>*; t, 7 a ) = £ dim Q(Ps//a) H j (Q{P s /I a ) ® Ps D*)t j 

= J2 dim dHj(C a ® Ps D*))t j 
i>o 

= E dim c (if i (X; <g> £))t J ' (4.5.7) 

i>o 

Combining (4.5.4), (4.5.5) and (4.5.7) and using the notation p(X; t, a a ® E) for 
p(D*;t,I a ), we get 

rt+l 

^p(Zp <g> J*£ <g> A^_i);0 
i=i 

= p(X; t, a a ® £) + (1 + t)Qi(/ a , / p ; t) + (1 + t)Q 2 (I p] t) (4.5.8) 
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Note that (Nj, iV,-_i) is the index pair for the isolated invariant set Aj and 
hence is the index pair for the isolated invariant set Aj G XJ\f n (v). (4.5.8) induces 
the equality (4.5.1) ■ 



Corollary 4.5.3 (Euler-Poincare formula) Under the hypothesis of Theo- 
rem 4.5.1, 

p(h(A) ; -l , Z p ® J* A E) = p(X , -l , a* ® E) (4.5.9) 

In particular, if E is a trivial line bundle, then 

p(h(A);-l,Z p )= X (X) (4.5.10) 

for any prime number p. Here x(X) is the Euler chracteristic number of the 
compact polyhedron. 

Proof We only need to prove the second conclusion. If E is a trivial line 
bundle, then 

p(X; -l,a a ) = J2&m c (H J (X;a a ))(-iy 

= ^dimc(^-(C ® Ps D*))(-l) j 

= ^rank Ps (P s <8> z[wiW+ ] C 3 {X + ))(-iy 

= J2^^(x)(-iy = x (x) 

Here we use the fact Dj is a free module over the ring P s . m 
If v is a generalized a-flow with respect to the nonwandering set A = {A n , • • • , 
Ai}, then by Theorem 3.5.3 v has a 7r-Morse decomposition with rank it = rank a, 
and A = Af n (v). Therefore the following theorem is the direct consequence of 
Theorem 4.5.1. 

Theorem 4.5.4 Let X be a compact polyhedron with a metric d. Let v 
be a generalized a-Row with respect to the nonwandering set A = {A n , ■ ■ ■ , A{\ 
and assume that each Ai is an isolated invariant set in X. Let E be a local system 
of free abelian groups and let E — C <g) E. If a e (C*) s is not in the arithmetic 
variety associated to the prime ideal I — 1 + (ti, • • ■ , t s ) C P s , then there is a 
prime number p relative to a such that 

p(h(Ai); t, Z p ® J* A .E) = p(X; t, a a ® E) 
+ (1 + 0<2i(4, I p , t) + (l + t)Q 2 (I p , t) (4.5.11) 
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where JA t is the inclusion map from the isolated neighborhood of an isolated 
invariant set to X , and Qi(I a , I p ] t) and Q2{Ip] t) are both polynomials with non- 
negative integer coefficients. 

4.6 Applications to special flows carrying a cocycle 

In this section, we will start from the general formula (4.5.1) and use the 
Conley index introduced in section 4.3 to get some Novikov-Morse type inequal- 
ities for some special important flows. 

If v is a generalized a-flow with respect to the isolated nonwandering set 
A = {A n , ■ ■ ■ , Ai} with a being a trivial cocyle, then v has actually a "global" 
gradient-like structure in view of Theorem 3.4.1. Therefore the formula (4.5.1) 
is a Morse type inequality for an isolated invariant set which has the Morse de- 
composition A = {A n , ■ ■ ■ , Ai}. This result was given in the paper [10]. 

Now we consider the case that a is a non-trivial cocycle. 

The important example is the tu-flow generated by a closed Morse 1-form u 
(see Example 3.4.2). One can also consider the Bott type Novikov inequalities. 
The following two theorems were given in [13] for s — 1. 

Theorem 4.6.1 Let X be an oriented closed smooth manifold and oo a rank s 
closed Morse 1-form. Let E be a local system of free abelian group and E = C®E. 
Assume that a G (C*) s is not in the arithmetic variety associated to the prime 
ideal 1=1 + (Ti, • • • ,T S ) C P s . Then the number Cj(u) of zeros of uj having 
index j satisfies 

dim c Hj(M, a w <g> E) 

CAUO) -> : — 

jy ' ~ dim£ 

t(-i)^-,M>E(- 1 ) , dimcg 'd;!^ a "' 8g) <«■!> 

i=0 i=0 



for j — 0, 1, • • • , m. 

Theorem 4.6.2 Let uj be a closed 1-form with Bott type nondegenerate zero 
sets with rank s. Let the quantities E, E and a be the same as in Theorem 4.6.1. 
Then there is a prime p such that 

Yl dim ^ H ^ Z ^ ^p®E\ z ® o(Z))t j+ind W 

Z j>0 

= p(X,t;a u ®E) + (l + t)Q(E,t) (4.6.2) 

where o(Z) is the orientation bundle on Z and the sum in the left hand side is 
taken for any zero manifold of u and Q(E,t) is a polynomial with nonnegative 
coefficients. 
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Proof of Theorem 4.6.1 and 4.6.2 From Example 3.4.2 and 3.4.7, we know 
the flow generated by the dual vector field of uj is a flow carrying the cocycle uj. 
Since the fixed points of these flow are just the (Bott type) nondegenerate zero 
points(sets), by section 4.3, we have the following result. 

(1) For a zero point x , 

Hi(h{x ), Z p ® J*E) = #,(*, S j ; Z p <g> J*E) 

^(®f mE C®Z p l = j 
10 l + j 

(2) For a Bott type zero set Z, it has 

H,(h(Z), ojz) ® E\ z ) = H*_ k (Z, ojz) ® E\ z ) 

Now applying formula (4.5.1), we get the conclusions. ■ 
In view of Example 3.4.3, the formulas (4.6.1) and (4.6.2) not only hold for 
the closed 1-forms, they also hold for a family of flows which is a small pertur- 
bation of the flow generated by uj because the Conley indices of fixed point sets 
are invariant under the perturbation. Hence we have 

Corollary 4.6.3 Let v £ be a family of flows with parameter e in Example 
3.4.3. Under the hypothesis of Theorem 4.6.1 and 4.6.2, the formula (4.6.1) holds 
if lu is a closed Morse 1-form and the formula (4.6.2) holds if uj is a closed 1-form 
having Bott type zero sets. 

If we let E be the trivial line bundle and let each entry of a = (ai, • • • , a s ) G 
(C*) s be a transcendental number, then from Theorem 4.6.1 we have the follow- 
ing corollary 

Corollary 4.6.4 (Classical Novikov inequality) Let X be an oriented 
closed smooth manifold and uj a rank 1 Morse closed 1-form. Then the numbers 
Cj(uj) of zeros of uj having index j satisfy 

Cj(uj) >bj([uj}) 

j 3 

£(-1) ViM > £(-1) Vi(M) ( 4 -6-3) 

i=0 i=0 

for j — 0, 1, • • • , to. 

In the appendix, we will give a proof of the refined Novikov inequalities that 
include the information of the torsion part. 
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In Example 3.4.5, we have considered a flow carrying a cohomology class. The 
existence of such flow gives a vanishing theorem for the Novikov numbers. 

Theorem 4.6.5 (Vanishing theorem) Let X be a compact polyhedron with 
a metric d. If there exists a How carrying a cohomology class [a] on X, then 

bi([a\) = 0, Vi = 0, 1, • • • , m 

Theorem 4.6.6 Let v be a a-Morse-Smale How on a closed oriented man- 
ifold X and let its nonwandering set be A = {A n ,--- ,Ai} consisting of the 
hyperbolic Hxed points and hyperbolic periodic orbits. Let Cj be the number of 
hyperbolic Hxed points with index j, a.j be the number of the hyperbolic periodic 
orbits with index j, and fij = Cj + aj + Oj+i. Then 

Hj >bj([a]) 

^(-ir>,>^(-ir^.(H) 

for j — 0, 1, • • • , m. 

Proof The conclusion is obtained by applying Theorem 4.5.4 with E being 
the orientation bundle of X and the calculation of the homology of the Conley 
indices of the hyperbolic fixed points and the orientable or unorientable hyper- 
bolic periodic orbits. 

For the calculation of the Conley indices, we can use the results in section 
4.3. ■ 
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Appendix 



In this section we will provide a proof of the classical refined Novikov inequali- 
ties which includes also the information from the torsion parts of the homology 
groups. The starting point is the equality (4.5.1). If the ct-flow we consider is 
generated by the dual vector field of the closed Morse 1-form, then the connecting 
homomorphism is easily determined. 

Let A be a CW-complex with subcomplex Y and let X k be the fc-skeleton of 
X, and define 

Xy = X k Li Y. 
Then we have a filtration relative to Y, 

Y = Xy 1 C Xy C ■ ■ • C X™ = X 
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This filtration induces the filtration of the complex C*(X): 

C^Xy 1 ) C C*{Xy) C • • • C C^Xy 1 ) = C*(X) 

Let G be a field and set the subcomplex Cj = G®C*(Xy~ J ), j — 0, 1, • • • , m, m+ 
1. Then we obtain the filtration 

C C m+ i C C m C ■ • • C Cq- 

For this filtration of complexes, we get from proposition 4.3.3 the following for- 
mula: 

m+1 m 

p(Cj, Q-i; t) = p(C m+1 , C; t) + (l + t)J2 Q(C m+ u Cj, C^; t), (1) 

where 

<?(C m+ i, Cj, (7j_i; £) = dj(C m+ i, Cj, Cj-i)t l 

l>0 

d{(C m+ i,Cj,Cj_i) = rank(im<5 z ) 

and 5/ : Hi(Cj,Cj-i) — >■ Hi_i(C m+ i,Cj) is the connectiong homomorphism of 
the triple of complexes (C m+ i, Cj, Cj_i). 

Because of the choice of the filtration, we have 



H^C^C^) ^H l (G®C,(X^,X^ +1 ) 

' ^ m - J+1 G I = 771- J + 1 

/ ^ m - j + 1 



(2) 



where /c m _j + i is the number of m — j + 1-cells in X but not in F. 
We also have 

#*-i(C m+1 , Cj) = ^_x(G ® G,(F, X"^'). 

The connecting homomorphism 5i can be identified with the homomorphism going 
from H^G <g> C*(X(r\ X^)) to iZ,_i(G <g> C*(Y, X'- 1 ). Consider the commutative 
diagram 



l-i yl 

Si 

** u I r< o r< I vl-2 v l-l^ 



H l {G®C^X l y 1 ,X Y )) 

d, 



Hi-i(G ® C*(Y,Xy )) — *-^Hi-i(G <g> C^Xy-^Xy- 1 )) 
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Here i : {Y,X l Y v ) — ► (X l Y 2 ,X l Y l ) is the inclusion map of the space pair. There- 
fore di = i* ■ Si and di is just the boundary operator in the cellular complex 
G <g> W*(X, Y) with coefficients in G. Thus 

rank G (im<i;) = rank G (im(4 • Si)) < rank G (im^) (3) 

and the inequality holds if and only if i* is an injection. 
Therefore using (l)-(3), we have 

m m 

k jt J > P(G ® W*(Y, X);t) + (l + t)J2 rank G (imrf j )t J (4) 

3=0 3=1 

where dj : G <S> Wj(Y, X) — > G <g> Wj-i(Y, X) is the boundary operator. 
Let X = X , Y = R T x el and G = Z p , (4) becomes 

m m 

> p(%p ®W*(Y,X);t) + (l + t)^T rankz^imdj)^ (5) 

3=0 j=l 

Now we continue the progress from (4.5.4), to get 

m m 

k jt j >P{X- 1, a a ) + (1 + t) rank Zp (im^)^' 
j=o j=i 

+ J2(T j (Ia,I p )+T j - 1 (I a ,I p ))ti (6) 

j>0 

Note that 

Tj(IaJp) = rank c (imrf i+1 (/ a )) - rauk Zp (imd j+1 (I p )), 

where d^Q : Q{P s /I a ) ® Pa D j -> Q{P s /I a ) ® Ps L>,_i and dj(I p ) : Q{P s /I p ) ® ft 
-Dj — > Q(P s /I p ) <S)p a Dj-i are the boundary operators. 
Therefore, from (6), we have 

m 

kjt 3 >p{X; t, a a ) + ^(rank c (im^(7 a )) + rank c (im^- 1 (/ a )))t J (7) 

3=0 j>0 

Define the minimal number of the generators of the torsion part of Hj(X, a u ) 
by qj{[uj}). 

Now we can prove the following classical Novikov inequality 

Theorem (Novikov inequality) Let u be a closed Morse 1-form on a closed 
oriented manifold X. Let Cj(u) be the number of zero points of uo with index j, 
then 

Cj(uj) > bj([u]) + qj([u]) + fc-i(M), 
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for j — 0, 1, • • • , m. 

Proof Lift the 1-form u to the covering space X such that u becomes a 
Morse function /. By considering the handle decomposition of the fundamen- 
tal domain X with respect to /, it is easy to see that kj = Cj in (7). Since 
rank(imdj(/ )) > ^([o;]), (7) then induces the result. ■ 
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